The volume inequality in Ehrhart’s conjecture

Abstract

Let K C R™ be a convex body whose centroid is a lattice point and is the only lattice point
in the interior of K. We prove that vol(K) < (n+1)"/nl. The proof is complex-analytic: on
the algebraic torus T' = (C*)™ the barycenter hypothesis is used once, through the existence
of the toric Kéahler-Einstein (Monge-Ampere) potential whose gradient image is K; the
lattice hypothesis is used once, through the rank-one property of the associated weighted
Bergman space. Rank-one-ness, via Berndtsson’s subharmonicity theorem, makes a Ding-
type functional convex along a ray of envelopes with prescribed Lelong number at a point; a
volume estimate caps the asymptotic slope of that functional, while a comparison-principle
estimate for the Monge-Ampeére masses of the envelopes bounds the contact measure from
below. Together these close the chain %57 < n, where 7 = (n!volK)Y/™.

1 Introduction

Theorem 1.1 (Ehrhart’s volume inequality). Let K C R"™ be a convex body whose centroid
g9(K) lies in Z™ and is the only point of Z in the interior of K. Then

(n+1)”'

vol(K) < py

Translating by —g(K) € Z" we may and do normalize g(K) = 0; the hypotheses become

(i) b(K) = VOiK /K ydy =0, (H) itk NZ" = {0}.

Thus Theorem 1.1 is equivalent to the following statement, which is what we prove.

Theorem 1.2. Let K C R" be a convexr body with b(K) =0 and intK NZ" = {0}. Then

nlvol(K) < (n+1)".

Outline. The whole argument lives on the algebraic torus 7' = (C*)", with logarithm map
L(z) = (log |21 %, .. .,1og |2,|?).

e Hypothesis (i) is consumed exactly once (§3): it guarantees the existence of a smooth
strictly convex ¢ on R™ solving the toric Kihler-Einstein equation det D?¢ = e~ with
Vo(R") = K. Setting ®g := ¢ o L this becomes the identity (i00®¢)" = n!e~®0uq on T,
where pgq is the invariant measure.

e Hypothesis (ii) is consumed exactly once (§4): it forces the weighted Bergman space
Hoy ={fcOT): [ |f|2e=®oug < 0o} to be C - 1.



e For A > 0 let Py be the largest plurisubharmonic function < ®g with Lelong number > X at
p=(1,...,1), let C)\ = {P\ = §p} be its contact set, and let \*(z) = sup{\ < 7: 2z € Cy},
where 7 := (n!vol K)'/™ (§5).

e Rank-one-ness plus Berndtsson’s subharmonicity theorem make the Ding-type functional
g(s) = —log [ e Ys g convex along the ray W, of Legendre-type envelopes built from
the Py (§6); a volume estimate inside a shrinking ball at p gives g(s) < —(7 —n)s + C.
Combining, [ A*dB3 < n, where § is the normalized measure e~ *°uq /[ e~ *0uq.

e A comparison-principle argument (§7) shows that the non-contact set is small: m({Py <

Dp}) < A"/nl, wherem := W(i@é@o)”. By the layer-cake formula this gives [, \* dm >
e Tvol(K).

e Since m = vol(K)f3, the two bounds give 257 <n,ie. 7 <n+1 (§8).

Classical results used. We use as cited black boxes: the existence theorem for moment
measures of Cordero-Erausquin-Klartag [8], building on Berman-Berndtsson [3] and Wang-Zhu
[13] (Theorem 3.1); Caffarelli’s strict convexity and interior regularity theory for the Monge—
Ampere equation [5, 6, 7] (Proposition 3.2); Berndtsson’s theorem on plurisubharmonicity of
weighted Bergman kernels [4] (Theorem 6.3); the Bedford—Taylor calculus (comparison principle,
decreasing convergence, plurifine locality, Perron-Bremermann envelopes on balls) [1, 2, 9, 10,
12]; and the Green function of a plane annulus [11].

2 Notation and pluripotential preliminaries
Throughout, T := (C*)", p:=(1,...,1) € T, and
L:T—R", L(2) := (log|z1]?, . .., log |z, ]%), x = L(z).

With @ := AJ_, dz—zj_j we set g = i" QA Q. In polar coordinates z; = e%i/2t0;

o =2 Hﬁ:dmd@, 0 € [0,2m)", (1)
J

where dV denotes Lebesgue measure on C* = R?", (For n = 1: i dTZA'g’E =24V — 2d(logr) df =

dx df.)
For v € PSH N L{®, we write (i00u)™ for the Bedford-Taylor Monge-Ampére measure and
set 1
w = ——— (i00u)™. 2
m (2m)" n! (i09u) @)
Recall that for a C? function u one has (i00u)™ = n! 2" det (uj,;) av.

Lemma 2.1 (Invariant dictionary). If ¢ : R™ — R is convex and smooth and ¥ =1 o L, then
(100%)" = n! det D*(L(z)) dz db,

hence Lymg = det D1 dx, the real Monge—Ampére measure of 1.



Proof. Locally L; = log zj+log zj, so ¥ ;. = ¢ (L) /(2;2x) and therefore (i00W)™ = n! 2" det (¢ (L)) I1; 2|72 dV
Now apply (1). Integrating out 6 contributes the factor (27)", which cancels the normalization
in (2). O

Lemma 2.2 (Stokes mass equality). Let B C C" be a ball and let u,v € PSHN LS. on a
neighbourhood of B with w = v on a neighbourhood N of 0B. Then

/B (i0Fu)" — /B (i0d0)".

Proof. Choose a slightly larger concentric ball B’ > B with B’\ B C N, and x € C®(B’)
wit}_l x =1on B; then suppdy C B’ \ B C N. By locality of the Monge-Ampere operator,
(100u)™ = (i00v)™ on N, so

/ \[(i08u)" — (1950)"] = / [(i05u)" — (i08v)"].

B
On the other hand, writing (i90u)" — (i00v)" = i90(u — v) AT with T := 332, (i00u)* A
(i00v)"~17F a closed positive current, two integrations by parts (legitimate for locally bounded
plurisubharmonic functions, [1]) give

/Xi(?é(u—v)/\T:/(u—v)i@éx/\T:O,

because u — v = 0 on supp dy. O

52

(|22 + e2)ntt
of total mass (2m)"™ on C", whose mass concentrates at the origin as € | 0.

Lemma 2.3 (Model masses). (a) (i0dlog(|z|*> + £%))" = nl2" dV, a measure

(b) For s > 0 let vy := max(log|z|?, —s). Then (i00vs)™ is supported on the sphere {|z| =
e/} and has total mass (2m)".

(c) Consequently, for A\ > 0, a € C" and s > 0, the truncated model Amax(log |z —a|?, —s) has
Monge-Ampére mass \"(2m)", carried by the sphere {|z—a| = e~%/2}; in the normalization
(2) its m-mass is A" /n!.

Proof. (a) With u = log(|z|*> + ¢?) one has u,; = |Z|(;j4’f€2 — (lzéfig)g, whose determinant equals
£2(|z|? + €2)~(»+1); this gives the stated density. Substituting z = ew,
| 9n.2 n
/ n-2€dV<Z>:n!2n/ VW) e, 2T L gy
n (2|2 4 g2)ntl cn (14 |w]?)nHt (n—1)! 2n

using Vol(5?"~1) = 27" /(n — 1)! and [;°r*"~1(1 + r?)™""'dr = ;.. The same substitution
shows that for every p > 0 the mass outside B(0, p) tends to 0 as ¢ | 0.

(b) v is plurisubharmonic and locally bounded; on {|z| < e~%/?} it is constant, and on
{]2| > e %/} it equals log|z|?, whose complex Hessian is degenerate, so (i0dlog|z|?)* = 0
there. By locality (i0dv,)" is carried by the sphere {|z| = e~*/2}.

For the mass, put v := max(log(|z|*>+¢&2), —s). For € small, v5 = log(|z|?+&%) near 0B(0, 1),
so Lemma 2.2 and (a) give fE(Oyl)(iaévg)" = fE(Ovl)(iaélogﬂzlz + &))" — (2m)" as e | 0.



Moreover, by locality (iD9vS)™ equals the measure in (a) on {log(|z|?+&2) > —s} D {|z| > e/},
and by (a) the mass of that part tends to 0. Fix y € C.(B(0,1)) with 0 <y <1l and xy =1 on
a neighbourhood of {|z| = e~%/2}; then [ x(iddvS)" — (2m)™. Since vS | vs with all functions
locally bounded, Bedford-Taylor decreasing convergence [1] yields [ x (i09vs)" = (27)", and
since (iDdv,)" is carried by {|z| = e~*/?}, this is its total mass.

(c) Translate, and use (i00(\u))"™ = A™(i00u)". O

Lelong numbers. For u plurisubharmonic near p set M, (r) := sup|,_,—, u. As is classical,
t — M, (e"/?) is convex and nondecreasing. Define

vp(u) :=sup{c > 0: u < clog|z — p|* + O(1) near p}.

Lemma 2.4 (Slope lemma). Let u be plurisubharmonic on a neighbourhood of B(p,ro) with
u < My there. If v,(u) > A, then

|z — pf?
)\logT—i—MO (|2 = p| < 1op). (3)
0

IN

Conversely, (3) implies vp(u) > X. Moreover vy(Alog|z — p|*) = X and vp((1 — t)uo + tur) >
(1 —t)vp(uo) + tvp(ur) fort € 0,1].

Proof. Write m(t) := M, (e!/?), a convex nondecreasing function of ¢ = logr?, and to := logrZ.
Let ¢ < A. By definition of v, there is C with m(t) < ct + C for all ¢t small enough. If
some slope of m were < ¢, convexity would force m(t) > m(t1) + a(t — t1) with o < ¢ for
all ¢ < t1, contradicting m(t) < ct + C as t — —oo. Hence all slopes of m are > ¢, and so
m(t) < m(to) + c(t —to) < Mo+ c(t — tg) for t < tg. Since t —tg < 0, letting ¢ T A gives (3).
The converse and the last two statements are immediate from the definition (for the convex
combination, add the two O(1) bounds). O

Finally, we record the standard facts that will be used without further comment: the regular-
ized supremum (sup, uq)* of a family of plurisubharmonic functions locally uniformly bounded

above is plurisubharmonic (or = —o0), and it coincides with sup, u, outside a pluripolar (in
particular Lebesgue-null) set; a decreasing limit of plurisubharmonic functions on a connected
open set is plurisubharmonic or = —oo; and if u,v are plurisubharmonic and « > v almost

everywhere, then u > v everywhere.

3 The Monge—Ampere potential

Theorem 3.1 (Wang—Zhu; Berman—Berndtsson; Cordero-Erausquin—Klartag). Let K C R™ be
a convex body with b(K) =0 (hence 0 € intK ). There exists a convex function ¢ : R" — R, an
Alezandrov solution of

det D?¢p =e™? on R", Vo(R") = K,

meaning that the Monge-Ampére measure MA(¢)(E) := |0¢(E)| equals e=?dz and (V¢).(e~?dz)
1x dy. It is unique up to translations of the variable. Conversely, solvability forces b(K) = 0.



References. This is the moment measure theorem of Cordero-Erausquin—Klartag [8] applied to
1 = 1g dy (a finite measure with barycenter 0, not supported in a hyperplane); the method is
the variational one of Berman—Berndtsson [3], descending from Wang—Zhu [13]. Variationally,
one minimizes J(¢) = ﬁ [ @* dy +10g [ € ?dx over convex ¢ with ¢* finite on K J is
invariant under translations precisely because b(K) = 0, is convex by Prékopa’s theorem, and
is coercive after a John normalization; its Euler-Lagrange equation is the one stated. For the
necessity of b(K) = 0, integrate V(e™?) over R": 0 = [Vge ?dx = [ ydy = vol(K)b(K). O

Proposition 3.2 (Regularity). The function ¢ of Theorem 3.1 is smooth and strictly convez,
with D?¢ > 0.

Proof. ¢ is finite and convex on R™, hence locally Lipschitz, so the right-hand side f := e~? is
locally Lipschitz and locally pinched between positive constants. Suppose ¢ were not strictly
convex: then ¢ coincides with some supporting affine function £ on a closed convex contact set
W containing more than one point. By Caffarelli’s localization theorem [5], W has no extreme
point in the interior of the domain, which here is all of R™; a closed convex set with more than
one point and no extreme point contains a full line 29+ Rv. Then for any 2 € R™ and y € d¢(x),

Uz +tv) = Pp(xg +tv) > o(x) + (y,z0 + tv — x) (t € R),

with both sides affine in ¢; comparing slopes forces (y,v) = (V/,v) for every subgradient y
at every point. Thus V¢(R"™) lies in a hyperplane, contradicting Vé(R?) = K, which is full-
dimensional. Hence ¢ is strictly convex, and Caffarelli’s interior regularity theory [6, 7] gives
¢ € Cfo’g; bootstrapping the now uniformly elliptic equation gives ¢ € C*°. Finally det D?¢ =
e~? > 0 together with D%¢ > 0 gives D%¢ > 0. O

From now on K is as in Theorem 1.2, ¢ is the potential of Theorem 3.1,
V :=vol(K), 7= (! V)V, @y :=¢o L.
The goal of the paper is the inequality 7 < n + 1.
Lemma 3.3. (a) [p.e ?dz=V.
(b) ¢(x) < ¢$(0) + hi(z) for all , where hi is the support function of K.

(c) ®g € C(T) is strictly plurisubharmonic, and with m := mg, as in (2),

1

me e M, D)=V [ = ). (1)
(2m) T

Proof. (a) Compare total masses in (V¢).(e~?dx) = 1xdy. (b) ¢(x)—¢(0) = f01<V¢(t:c),x> dt <

hK( ) because V¢ € K. (c) By Lemma 2.1 and the equation, (i00®)" = n' ez d9 =

n! e~ %0 q; strict plurisubharmonicity follows from D?¢ > 0. The total mass e o fRn f[o P

V by (a). D

We write 5 := m/V, a probability measure on T'; explicitly df = e*%,ug/((%r)”‘/).

2 dx d =



4 The rank-one property

For 1) plurisubharmonic on 7" put
Mo = {7 €O IfI3 = [ 17 n < oo},

and for m € Z" set J(m) = [g, Mo 9@z,
Lemma 4.1. J(0) =V < oo, and J(m) = oo for every m € Z" \ intK.

Proof. The first claim is Lemma 3.3(a). For the second, by Lemma 3.3(b) and hx_,,(z) =

hi(x) — (m,z),
e(m,z>*¢($) Z 6*¢(0)67h}<’(x)’ K/ =K —m.

Since m ¢ int K we have 0 ¢ int K’, so there is a unit vector v with (u,y) <0 for all y € K’, i.e.
hir(u) < 0. On the set S :={tu+w: t >0, |w| <1}, subadditivity and positive homogeneity
of hg give

hK/(tu + U)) < thK/(u) + hK/(w) < lmMagi hK/(w) =:c < 0.
Thus the integrand is bounded below by e=?@~¢ > 0 on S, a set of infinite Lebesgue measure;
hence J(m) = oo. O

Lemma 4.2 (Rank one). If int K NZ" = {0}, then He, = C - 1.

Proof. Every f € O(T') has a Laurent expansion f = ) .. ¢, 2™, converging locally uniformly.
Let E C R" be compact. Since the weight e~® is independent of 6 and |2™|? (mz) Parseval’s

identity in 6 and (1) give

f2€_q)0 = (27" Cm2/ e(m@)_d’(x)dx
/Ll(E)II pa = @n)" Y feul? |

=€

Letting £ T R™ and using monotone convergence, ||f||<21>0 = (2m)" Y, lem|2J (m). If this is finite
then ¢,;, = 0 whenever J(m) = oo, i.e. (by Lemma 4.1 and the hypothesis) for all m # 0.
Conversely ||1H§:,O = (2m)"V < 0. O

5 Envelopes with prescribed Lelong number

For an open set Q C T with p € Q put

FA() = {T €PSH(@): T <o, 1(1) =2}, Pf=( sup r)*,
FeFx\(92)

with the convention sup () := —oo, and write Py := P)\T . Fix once and for all

ro € (0, 1] with B(p,r) C T, My := sup Py < oo.

)2
B(p,ro)

Lemma 5.1. (a) Py = ®p; Pf\z <@g, and X\ — Pf\z 18 monincreasing.



(b) (Uniform singularity bound) Fvery I' € Fy(2), and hence P){Z itself, satisfies

|z — p|?
g

I'(z) < Alog

+ My on B(p,ro) N

In particular v,(P§?) > X, and P§t € F\(Q) whenever P§} # —oo.
(¢) (Concavity) For fized z, X — P§}(2) is concave on [0,00) (values in [—00,00)).
(d) (Interval property) If Py,(z) = ®o(z) and 0 < X\ < Ay, then Py\(z) = ®o(z).

Proof. (a) @y € Fo(T); the rest is clear, the bound P§! < ®( surviving the regularization because
®( is continuous.

(b) Each T" satisfies I' < &y < My on B(p,ro) N2, so Lemma 2.4 applies (after shrinking
the ball if Q # T', which only improves the constant; for Q O B(p,rg) it applies directly). The
majorant is continuous, hence the bound passes to the supremum and to its regularization. The
converse part of Lemma 2.4 gives v,(P{}) > A.

(c) Let Sy 1= supper, o) L'y s0 P{ =S5 IfT'; € Fy,(Q) and t € [0,1], then (1 —#)['g +tT'y €
F—tro+tr (£2) by Lemma 2.4; taking suprema, S_gr,4er, = (1 — £)Sy, + Sy, pointwise.
Outside a Lebesgue-null set Sy, = P{i (it =0,1), so P(flz_t))\oﬂ)\1 > (1-— t)P/% + tP){Z1 almost

everywhere; both sides being plurisubharmonic (or = —o0), the inequality holds everywhere.
(d) Apply (c) with A= (1= )0+ £A1: Pa(2) > (1= {)Po(2) + Py, (2) = Po(2), and
Py, < ®y. O

Definition 5.2. The contact set is Cy := {z € T : Py(z) = ®o(z)}; it is closed, since Py — ®¢
is upper semicontinuous and Cy = {Py — ®y, > 0}. The contact threshold is

N (z) :=sup{\ € [0,7): z€ Cy} €10,7] (sup @ := 0).
Note Cp =T, so the supremum is over a nonempty set and \* > 0.

Lemma 5.3. \* is Borel measurable, and {\* > A} C C\ C {\* > A} for A € (0,7). Conse-
quently, for every finite Borel measure i on T,

/)\*du:/ w(Cy) dA.
T 0

Proof. By Lemma 5.1(d), A*(2) = sup{A € QN [0,7) : z € Ci}, so {A" > ¢} = Uyegn(e,r) Or 18
Borel. The stated inclusions are again Lemma 5.1(d) and the definition of A*. Since 0 < \* < 7,
the layer-cake formula gives

[ xau= [ atxr > apaa= [Tux = ap i

and the two ends sandwich [ pu(Cy)dA. O



6 The ray and the convexity engine

Construction 6.1. On §:={( € C:Re( > 0} x T define

U((,2) = )\il&)p](P)\(Z)—FR@C‘()\—T)), U :=U",

the joint upper semicontinuous regularization. Since U depends only on s := Re(, so does V;
we write Ug(z) := ¥((, ) for any ¢ with Re( = s.

Lemma 6.2. (a) VU is plurisubharmonic on S, and each V4 is plurisubharmonic on T.
(b) ©g—sT7 < Uy < Bg; s+ VUy(z) is conver and nonincreasing on (0,00); and

Uy(z) > Po(2) +s(A(2) — 7) (zeT, s>0). (5)

(¢) (Well bound) For every s >0, W, < My — s on By := {|z — p| < roe”*/?}.

Proof. (a) Each function (¢, z) — Px(z) + Re( (A — 7) is plurisubharmonic on S (a plurisub-
harmonic function of z plus a pluriharmonic function of ¢), and the family is locally uniformly
bounded above by ®(z). Hence ¥ = U* is plurisubharmonic or = —oo; the lower bound
U > &y — st (take A = 0) excludes the latter and also shows that no slice ¥y is = —oc.

(b) The bounds &y — s7 < U < ®( hold pointwise; @y being continuous, ¥ = U* < &, and
U > U gives the lower bound. For convexity, fix s1,s9 > 0, ¢t € (0,1), sp := (1 — t)s; + ts2 and
zp € T. For (s, z) near (so,zo) put s, := s; + (s — sg) > 0; then (1 —t)s] +tsh = s, and since for
fixed z the function s — U(s, z) is a supremum of affine functions of s (with slopes A — 7 < 0),
it is convex and nonincreasing, so

U(s,2) < (1 —=t)U(s),2) +tU(sh, 2).

Taking limsup as (s,z) — (S0, 20) (so that (s},2) — (si,20)) yields Uq,(z0) < (1 — )Wy, (20) +
tWUs,(20). Monotonicity is obtained in the same way from U (s, z) < U(s—(s2—s1), z) for s1 < sa.
For (5): if A < A*(z) then z € C) by Lemma 5.1(d), i.e. P\(z) = ®p(z), whence ¥4(z) >
U(s,z) > ®o(z) + s(A— 7). Let A 1 X*(2).
(c) Let z € Bs. For every A € [0, 7], Lemma 5.1(b) gives

12
Lt

Py(z)+s(A—71) < )\(log‘ . )+M0—s7' < My — s,
0

because the bracket is < 0 on By and A > 0. Hence U < My — s7 on {(s,2) : z € B}, a set
which is open in (0,00) x T'; therefore the bound persists under the joint regularization. ]
Define
g(s) == —log/ e Vg (s>0), 9(0) := —log ((2m)"V).
T
By Lemma 6.2(b) and (4), e® < e % < e57e~®0 50 g is finite with
l9(s) = g(0)] < s7; (6)

in particular g is continuous at 0.
We shall use the following theorem of Berndtsson.



Theorem 6.3 (Berndtsson [4]). Let D C C" x C7 be a pseudoconvex domain and let ¢ be
plurisubharmonic on D. For ¢ in the base let K¢(z,w) denote the Bergman kernel of the space
of holomorphic functions on the fibre D¢ that are square integrable with respect to A
Then log K¢(z, z) is plurisubharmonic (or = —oo) on D.

Theorem 6.4 (Rank-one convexity). Assume Ho, = C- 1. Then g is convex on [0, 00).

Proof. Step 1 (rank one along the ray). Fix s > 0. If Hf||q, < oo then, since ¥ < @, also
| flloy < || fllw, < 00, s0 f € Hap, = C-1. Conversely 1 € Hy, because [e™Vspug < e57(2m)"V <

o0o. Hence
Hy, =C-1 (s >0). (7)

Step 2 (Berndtsson on an exhaustion). For R > 0 let
Ap:={teC: e B < |t| <el'}, DR::A]%@T

a pseudoconvex domain. On the pseudoconvex product D) .= = {Re( > 0} x Dp consider the
plurisubharmonic weight

0(¢,2) == V(¢ 2 +Zlog!zz|2

By (1), e ¥suq = 2"e~%dV, so for s = Re(,

[ ispeeeay =z [ ppet
Dgr Dpg
(R)

By Theorem 6.3, log K éR)(z, z) is plurisubharmonic on D®E) where K ¢
of A%(Dg, e*‘/’(g”)dV); it depends only on Re (, since the weight and the domain do.

Step 8 (passing to the imit). Write || f||3_ . := = Ip, | f|2e#(&)dV and 117 = Jr |f|2e=?CdV =
27| fII, - Since K¢(z0,20) = sup{|f(z0)|* : ||f|| <1} and enlarging the domain only increases
norms, we get for R < R’

is the Bergman kernel

KER)(Z’(),Z()) 2 KéR)(Zo,ZQ) Z Kg(ZO,Zo),

where K7 is the Bergman kernel of Hy, with respect to e #dV. Fix (s, zp) and take extremals

fR € A%(Dg) with || frllpgc = 1 and | fr(z0)]> = §R>(zo,zo) On each fixed Dg, the weight

is bounded above (as ¥ < @ is continuous and Dg, C T is compact), so fD |fr|?dV is
bounded uniformly in R > Rj, and the sub-mean value property gives locally unlform bounds
for |fr|. By Montel’s theorem, a subsequence converges locally uniformly on T to F' € O(T);
by Fatou, fDRl |F|2e=%dV < 1 for all Ry, hence ||F|7¢ <1,ie. F € Hyg, =C-1, and

|F(20)]” :P}LIQOKg(R)(ZO,zo) < KZ(20,70).

Combined with the reverse inequality,
1
27" Jpe Vo

using (7) (the Bergman kernel of a one-dimensional space spanned by the constant 1). A
decreasing limit of plurisubharmonic functions is plurisubharmonic (it is finite here), so (¢, z)
nlog 2+ g(Re() is plurisubharmonic on D) being a subharmonic function of ¢ depending only
on Re(, it is convex in Re (. Thus ¢ is convex on (0, 00), and by (6) it is continuous at 0, hence
convex on [0, 00). O

KéR)(z,z) l KCT(Z,Z) = =2"e90)



Lemma 6.5 (Well estimate). There is a constant C such that g(s) < —(7 —n)s + C for all
s> 0.

Proof. By Lemma 6.2(c), e~ ¥s > e57Mo on B, = B(p, rge /%), so
[ e mun = e ua(s).
T

On B(p,r) with 7o < 3 we have |2;| < 3, so by (1) po > codV with ¢ := 2"(3/2)72". Since

2
By is a ball of real dimension 2n and radius roe_s/ 2

/"[’Q(BS) > < c2nr(2)nefns’

con being the volume of the unit ball in R*". Hence g(s) < —s7 + ns + My — log(coca,rd™). O

Proposition 6.6. Assume He, = C-1. Then / A dB < n.
T

Proof. By Theorem 6.4, the difference quotient ¢(s) := M is nondecreasing on (0, c0). By
Lemma 6.5, ¢(s) < —(7 —n) + C%g(o), so limsup,_, . q(s) < —(7 —n), and by monotonicity
q(s) < —(t—n) for every s > 0. (8)

On the other hand, (5) gives e™¥s < e=®0e5(7=A") hence, using (4),

/G\I}S,LLQ < (271')"V/es(7>‘*)dﬁ, ie. g(s) —g(0) > —log/es(T/\*)dﬁ.
T

T T
Together with (8) this yields

/ ST g8 s T (55 0).
T

Put X :=7— X\, 500 < X < 7. Since [e¥ —1—5X| < %7’2687— pointwise, we get [ e5Xd3 =
1+s [ XdB+O(s?) as s | 0, while e*("™™) =1+ s(7 — n) + O(s?). Subtracting, dividing by s
and letting s | 0 gives [ X df > 1 —n,ie [A*dS <n. O

7 The equilibrium mass bound

Theorem 7.1. For every A > 0,

AT AT
equivalently — m(Cy) > V — —

m({z €T : P\(z) < Po(2)}) > e

— n' 9

Only the smoothness and strict plurisubharmonicity of ®y are used; the K&hler—Einstein
equation plays no role in this section. Besides Lemmas 2.2 and 2.3, we use the following classi-
cal facts: the Bedford-Taylor comparison principle [1, 10]: if u,v € PSHN LY (2) on a bounded
open © and {u < v} € Q, then f{u<v}(i851})” < f{u<v}(i35u)"; decreasing convergence [1];
plurifine locality 1{u>v}(i85max(u,v))” = 1{u>v}(i85u)” [2, 9]; the solvability of the homoge-
neous Dirichlet problem on a ball with continuous boundary data (Perron-Bremermann-Walsh:
there is u € PSH(B) N C(B) with u|sp = h and (i00u)™ = 0, namely the upper envelope of the
subsolutions) [12, 1]; the standard gluing lemma for plurisubharmonic functions; and the Green
function ga(-,a) of a plane annulus A [11].
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7.1 Bounded envelopes and their Green bounds

Fix A > 0 and R > 0 so large that B(p,r9) € Dr = A% (notation of Step 2 above). Put

u = P/\DR, or(2) :=2 max ga,(z;,1) € PSH(Dg), or <0.
1<j<n
Lemma 7.2. Let Cr := maxcga, log|t — 1|, Mg := supp, ®o, and C’ := A(logn + 2CR) —
infDR Dy < 0.

(a) vp(or) =1 and or(z) > log @ —2CR on Dg.
(b) For every e > 0 there is a compact D' C D with ogp > —e on Dg \ D'.
(c) ©o+ Aor € Fa(DR); consequently
Qo+ Xop < u < Py on Dg, u(z) > Mlog|z —p|* — C". 9)
In particular w € Fx(Dgr), uw € LS.(Dgr \ {p}), and for j >0

. — Mp+C' —j
{u§q)0_j} g B(parj)v logr?:%‘],

so that rj [ 0 as j — oo.

Proof. (a) Since ga,(-,1) —log |- —1| extends harmonically across 1 and is bounded on Ag, near
p we have o (2) = log (max; [z; — 11?) + O(1); as 1|z — p> < max; |z; — 1|* < |z —p|?, this gives
vp(or) = 1. Globally, h := ga,(-,1)—log|-—1| is harmonic on Ag and equals —log|t—1| > —Cg
on 0Ag, so h > —Cg on Ag by the minimum principle; hence or > log (man |z — 1|2) —2CR >

log @ — 2CRpR.

(b) Given ¢ > 0, by continuity of ga,(-,1) up to dAr and its vanishing there, there is a
compact A" C A with ga,(-,1) > —e/2 on Ag\ A’. If z € D\ (A")" then some z; € Ap\ A,
whence or(2) > 2g4,(2j,1) > —e. Take D" := (A")".

(¢) @09 + Aog is plurisubharmonic, < ®( (as or < 0), and has Lelong number > X\ at p by
(a) (Pg is smooth). Hence it is a competitor, and u > ®g + \og; combined with (a) this gives
the second inequality in (9) with the stated C’. Lemma 5.1(b) gives v,(u) > X, so u € F\(Dg).
Finally, if u(z) < ®g(z) — j < Mg — j, then Mlog|z —p|> < Mr+C' —j,ie. |z—p| <r;. O

7.2 Maximality off the contact set

Lemma 7.3. (i00u)" = 0 on the open set W := {u < ®} \ {p} C Dg.
Proof. Fix zg € W and choose p’ > 0 with B(zo,p’) C W. Put

d:= min (Pg—u) >0, A:= sup APy < oo, r := min (,0/, \/2n5/A),

B(z0.p") B(z0.0')
and B := B(zp,r). (The minimum defining ¢ is attained and positive because ®¢ — u is lower
semicontinuous and positive on the compact set.)

Claim. Every w € PSH(B) with limsup,_,- w(z) < u(() for all { € 0B satisfies w < u on B.

First, w < ®3 — §/2 on B. Indeed, w is subharmonic on B with boundary values < u < &y — 4
on 0B, so w < Hp[®g] — 0, where Hp[®y] is the harmonic extension of ®ylgp. The function

11



Hp[®o]—Do— A (r?—|z—z[?) is subharmonic on B (its Laplacian is —A®o+A > 0, computing

T dn
in R?") with vanishing boundary values, hence nonpositive; therefore

?

Ar? 1)
< =
2

A 2 2
— < Z(rf =z — <
HB[(I)()] (ID() S 4n(7’ ’Z Zo|) = 7, S

andw§(1>0+%—5:<1>0—g.

Now glue: let @ := max(w,u) on B and @ := u on Di \ B. By the boundary limsup
condition and upper semicontinuity of u, @ is plurisubharmonic on Dg. Moreover @ < ®( (on
B because w < &g — §/2 and u < D), and @ = u near p since p ¢ B; hence v,(0) = vp(u) > A.
So w € F\(Dpg) and therefore w < P){DR = u, i.e. w <w on B. This proves the claim.

Since u is upper semicontinuous on the compact sphere 9B, choose continuous hy | ulsg,
and let uxy € PSH(B) N C(B) be the Perron—Bremermann solutions with ug|lspp = hj and
(i00ux)™ = 0. As u|p is a competitor for the data hy, we get u < wuy; the sequence (uy) is
nonincreasing, and its limit @ satisfies limsup,_,. @(z) < hy(C) for all k, hence < u(¢) on 9B.
By the Claim, @ < u, so u J u on B. All functions involved are bounded on B (Lemma 7.2(c),
p ¢ B), so Bedford-Taylor decreasing convergence gives (i00u)™ = limg(i00u;)" = 0 on B.
Covering W by such balls finishes the proof. O

7.3 The comparison scheme

Proof of Theorem 7.1. Fix A > 0, ¢ > 0, § > 0, and R large as above. Keep the notation
u,0Rr,C’', Mg, r;j of Lemma 7.2 and set

O:={z€ Dpr: u(z) < Po(z) —e} (open), uj := max(u, ®g — j) € PSHN L (DR).

Step 0 (compact containment). By (9) and Lemma 7.2(b) (applied with €/)) there is a
compact D' C Dg with u > ®; — ¢ on D \ D’; hence O C D', i.e. O € Dg. Also {u; <
Py —e} = O for every j > e.

Step 1 (global comparison). Apply the comparison principle on the bounded domain Dp to
the pair (u;, @9 —€), both in PSHN L{ (Dg), with {u; < &g —c} =0 € Dp:

loc
/O (i00Bg)" < /O (10" (10)

Step 2 (localization at p). Split O = (ON{u > @9 —j}) U (ON{u < & — j}). On
Dp\ {p} both u and ®¢ — j are locally bounded, so plurifine locality gives 1,5, (100u;)" =
1{y>ao—j3(i100u)™ there; since O\ {p} € W, Lemma 7.3 makes this contribution vanish. (Note
p & {u > ®y—j}, because u(p) = —oo as vp(u) > A > 0.) By Lemma 7.2(c), ON{u < &g—j} C

B(p,rj). Hence
/(iaéuj)” < / (i00u;)™. (11)
o B(p.rj)
Step 3 (model cap). Fix py € (0,7¢) with B(p, p1) C Dg, and set

M1 = sup q)(), mq = 7inf (I’(), X = (1 + 5)/\,
B(pp1) B(p.p1)

|z — p|?
p?

w(z) := Aog + M; +1, w™ = max(w,—m) (m > 0).
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Choose ky > 0 with 2kg\ < % On the collar {p1e " < |z — p| < p1} we have w™ > >
M+ 3 > @y > uj, so

{w™ <u;}NB(p,p1) € Blp,pre ") € B(p, p1).

If moreover m > j — mq, then u; > ® —j > m; —j > —m on E(p, p1), and therefore
{wm™ < uj} = {w < wu;} inside B(p,p1). The comparison principle applied on B(p, p1) to
the pair (w(™, u;), together with Lemma 2.3(c) (for m large the sphere carrying the mass of
(100w™)" lies inside B(p, p1), and the total mass is A\ (27)"), gives

/ (i100u;)" < / (10w ™) = (14 86)"A"(27)". (12)
{w<u]-} B(%Pl)

Finally, B(p,r;) C {w < u;} for all large j: on B(p,r;) (which is contained in B(p, p1) for large
Jj) we have u; > m; — j, while by the formula for r;,

2
. re

w < Alogp—]2+M1+1 = 1+8)(Mr+C' —j)+a
1

with ¢; independent of j; hence w —u; < —§j 4+ O(1) < 0 for j > jo(9).
Choosing such a j and then m large, and combining (10)-(12) and dividing by (27)"n!:

(L+0)"A\"

m({PP" < @ —e}) < .

for all R,e,0 > 0. (13)

Step 4 (limits). If R < R/, restriction maps F)(Dpg/) into Fy(Dgr), so P)?R' < P)\DR on Dg;
moreover every global competitor restricts, so PAD R > Py. Hence Q := limp_, PAD R exists, is
upper semicontinuous, satisfies Py < Q < ®g, and (by the uniform bound of Lemma 5.1(b),

whose constants 79, My do not depend on R) obeys @ < )\log|z;72p‘2 + My on B(p,rg), so
0

vp(Q) > A\ If Q # —oo then @ is plurisubharmonic on 7', hence @ € F»(T') and Q < Py; thus
Q = Py. If Q = —oo then also P, = —oo and again ) = P,. Consequently

{P>\DR<<I>0—€}T{P)\<(I)0—€} (RTOO),

an increasing union. Letting R 1 oo in (13) (monotone convergence), then ¢ | 0, then ¢ | 0, we
obtain

m({Py < ®o}) < O

Remark 7.4. No statement about conservation of mass at infinity is needed: the Green collar
of Lemma 7.2(b) compactifies each stage. Note also that the stagewise envelope PAD 7 is locally
bounded off p, with a model-type lower bound (9), even though the global envelope P\ may
degenerate; the scheme is insensitive to this, since o | —00 pointwise as R — o0.

Remark 7.5. Taking A < 7 in Theorem 7.1 gives m(Cy) >V — A"/n! > 0; in particular C # ()
and Py Z —oo. Thus the nondegeneracy of the envelopes is a corollary of the argument rather
than an input.
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8 Proof of Theorem 1.2

Let K be as in Theorem 1.2, let ¢ be the potential of §3, ®9 = ¢po L, m = mg, and § = m/V;
the identity (4) is the only place where hypothesis (i) (b(K) = 0) is used. By Lemma 4.2,
He, = C - 1; this is the only place where hypothesis (i) (int/K NZ"™ = {0}) is used.

By Lemma 5.3 applied with 4 = m, then Theorem 7.1 (note V- — A" /n! > 0 for A\ < 1),

T T A" n+1
/)\*dm - / m(Cy) dA > / <V——>d)\ — V-~ - " v
T 0 0 n! (n+1)! n+1

the last equality because 7" = n!V, so J:TT), = n%/l

On the other hand, Proposition 6.6 and m = V3 give

/)\*dm: V//\*dﬁ < V.
T T

Combining, nL_HTV <nV,ie. 71<n+1,ie.

n!vol(K) < (n+1)". |

This proves Theorem 1.2, and hence Theorem 1.1.
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