NP-Hardness of Approximating the Closest Vector Problem
within a Polynomial Factor

Abstract

We prove that there is an absolute constant ¢ > 0 (one may take ¢’ = 1.8 x 107°)
such that the promise problem GapCVP, . is NP-hard under deterministic polynomial-time
Karp reductions: given a basis B € Q™"*" of a full-rank lattice L C R™ and a target t € Q™,
it is NP-hard to distinguish disto(, L) < 1 from disty(t, L) > n®. The proof is a direct
algebraic reduction from 3SAT through a Reed—Muller consistency lattice. All lemmas are
stated and proved in full; external citations are only to: the Cook—Levin theorem, Bertrand’s
postulate, the Delsarte-Goethals—-MacWilliams duality for generalized Reed—Muller codes,
the explicit Lang—Weil bounds of Cafure-Matera, and polynomial-time Hermite normal form
computation.

Theorem. With ¢ := 1.8 x 1075, the promise problem GapCVP, .+ is NP-hard under determin-
istic polynomial-time Karp reductions.

1 Definitions, conventions, parameters

1.1 Lattices and the promise problem

A lattice L C R™ is the set of integer combinations of a basis B = (by,...,b,) of R"; we write
dista(t, L) := mingyey, ||t — v||2 (the minimum is attained). For a function v = ~(n) > 1, the
promise problem GapCVP, has instances (B,t) with B € Q""" nonsingular and ¢t € Q"; YES
instances satisfy dista(¢, L(B)) < 1, NO instances satisfy diste(¢, L(B)) > 7(n). A promise
problem II is NP-hard under deterministic Karp reductions if for every L € NP there is a
deterministic polynomial-time computable map taking instances of L to instances of I, mapping
members to YES instances and non-members to NO instances. By the Cook-Levin theorem it
suffices to reduce from 3SAT.

Theorem 1.1 (Main). With ¢ := 1.8 x 107°, GapCVP, o is NP-hard under deterministic
polynomial-time Karp reductions.

1.2 Measures, tables, codes, lattices of encodings

Fix a prime ¢. For a finite set ¥, Z[X] denotes the free abelian group with basis (ey)yen; its
elements are called integer measures on X. For p =" uye, we write aug pu:= >, i, [|1ll3 =
S, u2 and ||plli ==Y, |#o]- A map ¢ : ¥ — ¥ induces the pushforward ¢, : Z[X] — Z[¥],
€y > g(y). For X = IF"q], marg, denotes the pushforward along v + v;. We write i1 := p mod ¢
and use the convention 0% := 1.



A table on a finite domain X with J slots is a map F' : X — Z[Fg]; its coordinates are

F(z)y € Z. A code C C (Fq‘])X is an F-linear space of J-tuples of functions. For ¢ € C, Enc(c)
is the table Enc(c)(z) := ec(y), and

L(C) := Z-span{Enc(c) : c € C} C VAR

With P := ¢?%° we say that a table F is C-structured if F € L(C) + PZX<E].

RM(my, e) denotes the space of polynomials in Fy[z1, ..., xm,] of total degree < e (identified
with their evaluation tables on Fj'® when convenient). A code on X = Fy* has coordinate degree
< d if every slot function of every codeword is the evaluation of a polynomial of total degree
<d.

Two standard facts will be used throughout.

Lemma 1.2 (Schwartz-Zippel and reduced evaluation). (i) A nonzero P € Fy[xq,..., 2]
of total degree D has at most Dg™ ! zeros in Fge.

(ii)) A nonzero polynomial all of whose individual degrees are < q — 1 (in particular, any
nonzero polynomial of total degree < q) does not vanish identically on Fg'; consequently
two polynomials of total degree < q defining the same function are equal.

Proof. (i) Induction on mg via the leading variable. (ii) The evaluation map is injective on the
span of the monomials with individual degrees < ¢—1 (dimension count ¢"*° against ¢"° points,
triangularity via interpolation; alternatively, induction on my). O

1.3 Parameters

The input is a 3CNF formula ¢ with N variables and at least one clause (clauses are ordered
triples of literals; formulas with no clause, or with N < Ny below, are handled trivially in §2.6).
We fix:

m =8, m :=3m+3=27; h:=[NY"]; d:= 60h;

q := the least prime > d°; by Bertrand’s postulate d** < ¢ < 2d%, so h < ¢'/%0 and
q > h40 > NS,

Ny = 22'104, so that N > Ny implies ¢ > N° > 2105; in particular every explicit constant
< 2190 appearing below is < ¢*%° (the “absorption rule”, used silently in the ledger of
§12.1);

H:={0,1,2,...,h— 1} C F, (residues; {0,1} C H, |H| = h > 2);

e c:=1073, ¢3:= 1072 g% := 16¢*;

witness degrees ds := m'h + 3(d+ 1) + d = 267h + 3 and dg := 2d + mh = 128h;

1000 2000.

, padding scale P := ¢“”*";

penalty weight W := ¢

windows L := [q0'151, Ly = LQOBJ-



The variables of ¢ are identified with distinct points of H™ via a fixed injection ty,, (base-h
digits; ™ > N). A clause C = (¢1,42,¥3) with ¢, = (v,,b,) (b, = 1 iff the literal is negated) is
encoded as

w(C) := (Lvar(vl), tvar (V2), tyar (V3), 1 — b1, 1 — bo, 1 — bg) cH™.

We write points of IFZI"I as w = (y1,v2,¥3,8) with y, € F', s = (s1,52,83) € IFZ’, and put
m,(w) :=y,. For a Boolean assignment «, the literal ¢, of C is true iff a(v,) = s,, where s, = 1—b,
is the t~th s-coordinate of w(C). Let ¢ : H™ — {0,1} be the indicator of {w(C) : C € ¢} and let
® € F,[w] be its unique extension with all individual degrees < h (Lemma 3.1); then ® # 0 and
deg® < m/(h — 1). Finally we set Z,(w) := [,en(ws —n) (degree h, vanishing on {w, € H});
on F7* we use the same notation Z(z), k < m.

2 The construction

2.1 Layers

A layer is a quadruple 7 = (X, J;,Cr, 0;) consisting of a domain, a slot number, a code and
an integer scaling. We use exactly four layers (the indices are legacy labels):

T X: | Jr C; d; or
1 (A-layer) Fpr| 1 {A: A€ RM(m,d)} d q*°

2 (triple) F™' | 3 | {(Am, Ama, Ams) : A € RM(m,d)} | d | [¢°%/?]

3 (clause witness) IE‘;”/ m' | {(B1,...,Bu): B, € RM(m/,d3)} | d3 | [¢**/?]
6 (Bool. witness) | Fy* | m | {(Bi,...,Bm): Bs € RM(m,ds)} | do g%

Here d, is the coordinate degree of C,. With dim, := dim X, we have o2¢%™7 ¢ [¢%, 4¢%]
for each 7, hence
A2 =Y "0 € [40%,16¢%], A, < 4g%. (2.1)

T

2.2 Penalties

Each penalty is a Z-linear form £, on the joint table vector (Fi, F», F3, Fg) with coefficients in
{0,£1}, together with a target value 3, € {0,1}. The rows are:

(PO) for each 7 and each z € X;: aug F-(x) = 1.

(P1) for each w € IF;”', v € {1,2,3} and u € Fy: (marg, Fg(w))u — (Fl(mw))u = 0, i.e. the

measure equality marg, Fh(w) = Fy(mw).

(P4) for each w and u € Fy: ((Ow)«Fa(w)), — ((Bw)+F3(w)), = 0, where

3 m
Ou(v) == (w) [J(v. —5),  Ew(u) = Ze(w)ux
=1 k=1

(P6) for each x € Fy® and u € Fy: (H*Fl(az))u - ((E?)*Fﬁ(az))u = 0, where 0(v) := v? — v and
Zr(w) = 3000 Ze(@)us.

Each row touches at most 2¢™ table entries (with coefficients +1). The number of rows is
2¢° +2¢%" (P0) +3¢* (P1) +¢* (P4) +¢° (P6).



2.3 Coordinates, lattice, target

The coordinate set is Z = Zass U Zpen: one mass coordinate per triple (7,z,v) and one penalty
coordinate per row p. In total,

Dtot:q9+q30+q54+q163;+2q8+2q27+3q28_|_q28+q9 < 2q54 < q55' (2'2)

mass penalty

For a table u supported on layer 7 define the vector I';(u) € ZZ: the mass coordinates of
layer 7 carry oru, the other mass coordinates carry 0, and penalty coordinate p carries We,(u).
The lattice L is generated by:

1. I'7(b) for every vector b in the basis of £(C;) provided by Lemma 2.1, for each 7;

2. padding: o,;Pe; for every mass coordinate i (of layer 7(i)), and P e, for every penalty
coordinate p.

The target t* € Z* is 0 on all mass coordinates and W B3, on penalty coordinate p (so W on
PO rows and 0 on P1/P4/P6 rows). By the padding, L has full rank n = Dyct.
Every v € L has the form

v = ZPT(UT) + P - (padding part), ur € L(Cr), (2.3)

and its mass coordinates read o, F:(x)y with F; = u, + PM(T) for integer tables M(T), while
penalty coordinate p reads W,(F) + Pv, for some v, € Z (one absorbs W P £,(u()) into Pv,;
note P | WP). In particular, each F; is C.-structured.

Lemma 2.1 (Explicit bases). Given an Fy-basis ci,... ¢ of a code C on X (q prime), a Z-
basis of L(C), with entries of bit-size polynomial in | X|q”, is computable in time polynomial in
[ Xlq7k.

Proof. For 0 < i < k let C® := span(cy,...,¢). Let O'g (0 < j < q—1) be the coordinate
permutation of ZX*¥7 given by (0]U)zy = Uy y_je,(2); then o Enc(c) = Enc(c + j¢;). Since ¢

is prime, every ¢’ € C® equals c+jc; with ¢ € Cl=1 and j €40,...,q—1}; conversely all such
elements lie in CY). Hence

—_

LCD) =N" ¢l £(Ct=D),

=)

<.
Il
o

Starting from the basis {Enc(0)} of £(C(9), iterate: given a basis B;_; (of size < | X|q”), the set
{agb :b€ Bi_1,0 < j < q} (q/Bi_1] vectors) generates £(C?); compute the Hermite normal
form of the stacked matrix to obtain B;. Polynomial running time and bit-sizes follow from
polynomial-time HNF algorithms (Kannan-Bachem). For the bit-size bound: each £(C?) is
generated over Z by the 0-1 vectors {Enc(c) : ¢ € CW}, so by Hadamard’s inequality every full-
rank subdeterminant of this generating set has absolute value at most N/2 where N := 1X|q”;
since the reduced Hermite normal form of a lattice is unique and has entries bounded by the
largest such subdeterminant, each B; has entries of bit-size O(N log N), independently of how
B;_1 was computed, so no accumulation occurs across the k£ < NN iterations. ]



Lemma 2.2 (Restrictions; plane membership is automatic). Let Y C X and let C|y denote the
restricted code. Restriction of tables maps L(C) into L(C|y) and PZX* into PZY*". Hence
a C-structured table restricts, on every affine plane Il C X =", to a C|m-structured table.
Likewise, any pushforward applied pointwise (marginals, ¢« with ¢ depending on the point) maps
Enc(c) to Enc of the image codeword and hence maps structured tables to structured tables for
the image code. The same holds for domain-extended families of pointwise pushforwards: if
(¢2)zez is a family of maps F] — IF'J and F is C-structured on X, then F(z,2) := (¢.)+F ()
is C-structured on X x Z for C = {(;E z) = ¢.(c(x)) : c € C} (an Fy-linear code whenever each
¢ 1s linear on values).

Proof. Immediate from Enc(c)|y = Enc(cly) and (¢.)« Enc(c)(z) = €4, (c(x)) (80 the family map
sends Enc(c) to Enc of the image codeword on X x Z), together with the Z-linearity of all maps
involved (the PZ parts are preserved since pushforwards have integer matrices). O

2.4 Output instance

The reduction computes all generators and the target exactly (evaluating P by Lagrange inter-
polation over H), stacks the generators, computes a basis By of L by HNF, computes the integer
Ai and a rational R with A, < R < (1+ ¢ 1%)A,, (via the integer square root of q2OAa), and
outputs (By/R, t*/R).

2.5 Sizes and time

We have ¢ < 2(60(N'/® 4+ 1))% = O(N®) and n < 2¢°* = O(N?™). All entries have bit-size
O(log q) - 2100 = poly(N) before HNF and polynomial bit-size after. The prime ¢ is found by
trial division in time O(d®®). Code dimensions are at most m/ (dﬁfﬂl) < g. The total running
time is polynomial in N (of large but fixed degree), and the reduction is deterministic.

2.6 Degenerate inputs

If ¢ has no clause, output a fixed YES instance (B = (1), ¢ = 0, n = 1: distance 0 < 1). If
N < Ny, decide ¢ by brute force (constant time) and output either the fixed YES instance
above or the fixed NO instance B = (3), t = 3/2, n = 1 (distance 3/2 > 1 = n%).

3 Completeness

Lemma 3.1 (Low-degree extension). Every f : HM — F, has a unique extension F €
Folwi, ..., wa] with all individual degrees < h; and a polynomial with individual degrees < h
vanishing on HM is 0.

Proof. Existence: Lagrange interpolation, I =3 f(2) [, 1,2, 3=

tion on M; write R =3, _, R
< h vanishes on h points, so all R; vanish on H M=1. now induct. Uniqueness follows. ]

— 1 Vanishing: induc-

i (w’ )wgw; for each w’ € HM~! the univariate polynomlal of degree

Lemma 3.2 (Division). If P € Fy[wy, ..., wy] vanishes identically on HM | then P = Zﬁil ZBy,
with deg B, < deg P — h.



Proof. Divide P by the monic univariate Zi(w;): since Z; — wf has degree < h — 1, each
cancellation step replaces a term of total degree < deg P by terms of strictly smaller wi-degree
and total degree < deg P; hence P = Z1B; + R; with degB; < degP — h, deg R; < deg P
and deg,, Ry < h. Divide Ry by Z (this does not increase wi-degrees), and so on. The final
remainder R has all individual degrees < h and vanishes on H™  hence R = 0 by Lemma 3.1. [

Proposition 3.3 (Completeness). If ¢ is satisfiable then dista(t*, L) < A,,.

Proof. Let « be a satisfying assignment, extended by 0 to all of H™, and let A € Fy[x1,..., %)
be its individual-degree-< h extension; then deg A < m(h —1) < 8h < d, so A € RM(m,d). Set
Fy :=Enc(A) and F» := Enc((Amy, Ama, Ams)).

Clause witness. The polynomial P, := ®[[,(A(y,) — s,) vanishes on H™: at w € H™,
either ¢p(w) = 0 = ®(w), or w = w(C) for a clause C satisfied by «a, so that some literal is
true, i.e. A(y,) = s, for some ¢. By Lemma 3.2, P, = ), Z.B, with deg B, < deg P, — h <
27(h —1)4+3-8(h—1) — h <50h < ds. Set F3 := Enc((By,...,Buw)).

Booleanity witness. Since a is Boolean, A? — A vanishes on H™, so A2 — A = Y r<m Z,{B,(f)
with deg BY < 2m(h — 1) — h < 15h < dg. Set Fgs := Enc(B(9).

All penalties hold exactly: (P0) each point carries a single unit atom; (P1) marg, e ay,), A(y2),A(y3)) =
€A(y,); (P4) both sides at w equal ep,(,; (P6) both sides at = equal eq2_4)(;). The lattice
vector v := ) _T'7(F;) (no padding) then matches ¢t* exactly on all penalty coordinates, and
lv— 3 = 5, 021X, | = A2, 0

4 Soundness radius: coherent integer proofs

Definition 4.1. A coherent integer proof is a quadruple of tables (Fy, Fy, F3, Fg) such that:
(a) each F; is Cr-structured,;
(b) all penalties (P0), (P1), (P4), (P6) hold exactly over Z;
(©) D sex, | E-(2)]12 < g?q¥™ for each 7, where g% = 16¢%¢.

Proposition 4.2. If disto(t*, L) < ¢°A, then a coherent integer proof exists.

Proof. Take v € L with [jv — t*]| < ¢°A, < ¢ 4¢3 < ¢3! and decompose it as in (2.3);
let F; = u; + Pu(™) be the integer tables read off the mass coordinates. Part (a) holds by
construction. For (c): the mass part of |lv — t*||* is Y 02 > [ Fr(x)[* < ¢*°A%, and o2 >
¢80~dimr together with A?O < 16¢% gives (c). For (b): pointwise, |Fy(z)y| < 1/92¢27902 < ¢!, s0
[6,(F)| < 2¢°7-q* = 2¢*! for every row. Penalty coordinate p of v—t* equals W ({,(F)—8,)+Pv,
with |W(€,(F) — B,)] < ¢! . 3¢ < 102 If v, # 0 the coordinate has absolute value
> P — ¢t > 31 a contradiction; so v, = 0, and then W|(,(F) — 3,| < ¢* < W forces

EP(F) = Bp- o

The rest of the paper proves: if ¢ is unsatisfiable, no coherent integer proof exists (Corol-
lary 11.3). Together with Propositions 3.3 and 4.2 this yields Theorem 1.1 (§12).



5 Moment machinery

Throughout §§5-8, “layer” means: a domain [Fy™ (2 < mp <28), a code C of coordinate degree
<d < ¢%% and a C-structured table F' with aug F'(z) =1 for all x. For k € Zéo define

px(x) == ka F(z)y € Fy, where v¥ = vaj.
v 7

Lemma 5.1 (Plane moment invariant). Let II C Fg® be an affine plane (= Iﬁ‘g), u a Cln-
structured table on I, p a bivariate polynomial on I1, and suppose degp + |k|d < 2q — 3. Then

YeentP(s) 2oy Viusy =0 (mod g).

Proof. The expression is linear in v and vanishes mod ¢ on the PZ-part (since ¢ | P). On a
generator Enc(c|m) it equals > .1 p(s) 1, ¢,(s)%, a full-plane sum of a bivariate polynomial of
degree < 2¢ — 3. For a monomial y®z® we have Z(y,z)ng Yzt = OIRDIOD 2%), and >,
vanishes unless a is a positive multiple of ¢ — 1 (for @ = 0 the sum is ¢ = 0). A nonzero
contribution therefore needs a,b > ¢ — 1, i.e. total degree > 2q — 2. O

Proposition 5.2 (Delsarte-Goethals—MacWilliams duality; quoted). For 0 < p <2(¢g—1)—1
2

one has GRM,(p,2)t = GRM,(2q — 3 — p,2), where GRM,(p,2) C ng is the evaluation code
of bivariate polynomials of degree < p.

Lemma 5.3 (Lines to global). Let f : Fg*® — F, and let e satisfy 2e < g — 1. If the restriction
of f to every affine line agrees with a univariate polynomial of degree < e, then f agrees with a
polynomial of total degree < e.

Proof. Induction on myg; the case mg = 1 is trivial. Fix distinct uo,...,u. € F;. Each slice
fl wmg=u, Satisfies the hypothesis on F;”O_l, hence by induction lies in RM(mo — 1,€). For each
', the axis-line restriction u — f(2/,u) is a polynomial of degree < e, so f(z/,u) =Y, ci(a')u’
where each ¢; is a fixed linear combination of the slices at uy, ..., ue; hence ¢; € RM(mg — 1, ¢)
(reduced representatives, degree < e). Suppose M := max;. ., +o(degc; + 1) > e; note M < 2e <
g—1. For any &', ¥/, restricting to the line u — (§ +ub’, u) gives the polynomial >, ¢; (&' +ub’)u’
of degree < M < q — 1; by hypothesis it agrees on all ¢ points with a polynomial of degree
< e < M, and two polynomials of degree < ¢ — 1 agreeing on F, are identical; hence its uM-
coefficient vanishes. That coefficient equals >, jee ¢, +i=1r(Ci)dege; ('), Where (¢;)p denotes the
degree-D homogeneous part (terms with dege; + 4 < M contribute nothing at ™, and the
top coefficient of ¢;(§' + ub’) in u is (¢;)dege, (b'), independently of &’). So a sum of nonzero
homogeneous polynomials of distinct degrees < e < ¢ — 1, with individual degrees < ¢ — 1,
vanishes identically on ngo—l; by Lemma 1.2(ii) it is the zero polynomial, so each part is zero,
contradicting ¢; # 0. Hence M < e. O

Proposition 5.4 (Global moment polynomials). Let F' be a layer as above and let k satisfy
2|k|d < g — 1. Then there is a unique polynomial Py of total degree < |k|d with Px(x) = px(x)
Jor all x € FF*. Moreover Pp = 1.

Proof. Fix a plane II; by Lemma 2.2, F|11 is C|-structured; by Lemma 5.1, px|r is orthogonal
to GRM,(2g—3— |k|d, 2), hence by Proposition 5.2 lies in GRM,(|k|d, 2): every plane restriction
of py is a bivariate polynomial of degree < |k|d. Every line lies in a plane (mg > 2), so every
line restriction has degree < e := |k|d, and 2e < ¢—1; Lemma 5.3 produces the polynomial, and
uniqueness follows from Lemma 1.2(ii). Finally Py = 1 by the augmentation aug F' = 1. O



6 Algebraic toolkit

Lemma 6.1 (Hankel-valuation power-sum lemma). Let K be a field with a valuation v : K* — Z
(i.e. v(ab) = v(a) + v(b) and v(a + b) > min(v(a),v(b))). Let y1,...,v € K* be distinct with
v(y) < =1 and v(vi — ;) < 2H (i # j, H > 0), and let by,...,b, € K with v(b;) = 0. Let
8 >0 and p; := Zj bj’yjl. Then there is l with 1 <1< B+ 2Hv +2v —1 and v(p;) < —p.

Proof. Suppose v(p;) > —p for all l € {A,..., A+ 2v — 2}, where A := 5+ 2Hv + 1. Over any

commutative ring,
det (pA‘H'H 0<ij<v (Hbj’)/] ) H 'Yj)27 (61)
1<J

since the matrix equals V' diag(bjfy;\)v with Vi; = 'ykj the square Vandermonde matrix, and
det V' = J[;.;(7; — 7). The left-hand side, being a sum of v-fold products of entries, has
v > —vf3. The right-hand side is nonzero and has

v(RHS) <AZ v(yj —G—QZ —vj) < —Av+2Hv(r—1) < —Av+2HV? = —vB—v < —uB,

1<J
a contradiction. OJ

Lemma 6.2 (Multivariate separation, SEP). Let K be a field and let p,...,pu € K7 be
distinct. Then there exist polynomials 81, ...,6y € spang{X® : t € {0,...,M — 1}’/} with
du(Pw) = 0w - Consequently: (i) the evaluation matriz (ptu)u;te{o”M_l}J has full row rank M ;
(i) if >, wupt =0 for all t € {0.M — 1}’ then all w, = 0.

Proof. Induction on J. For J = 1 this is Lagrange interpolation. For J > 1, group the points
by their last coordinate, with values z1,...,%, (p < M). Points within a group have distinct
truncations in K/~1; take their inductive indicators (individual degrees < M — 1) and multiply
by [T 24 z"_; " (degree < p—1 < M —1), which vanishes on the other groups. Claims (i) and

(ii) follow by applying the functional ) wy()(Pu) t0 Oy - O

Lemma 6.3 (Class separation, CS). Let K be a field and let {(us, Ps)}s<s,, {(vr, Qr)}r<s, be
finite weighted lists with the Ps pairwise distinct and the Q, pairwise distinct elements of K, and
weights in K. Let S be the number of distinct elements of {Ps} U{Q.}. If Y usPl =3, v,.Q}
for 0 <1 < 85— 1, then the lists are equal as finitely supported measures: for every R € K,

ZSZPS:R Us = ZTIQm:R Ur

Proof. Merge the lists into one list on the distinct elements Ry, ..., Rg with coefficients ¢; =
(P-net) — (Q-net); then >, ¢;R; =0 for 0 <1 < S —1, and the S x S Vandermonde matrix at
distinct nodes is invertible. O

7 The Scalar Decoding Lemma
Theorem 7.1 (Scalar decoding). Let 2 < mqg < 28 and let F : F*® — Z[Fy] satisfy:
(i) F is C-structured for a code C of coordinate degree < d < q*%* (with J = 1);

(ii) aug F(z) =1 for all x;



(i) there is Ey with |Bo| < g™~ and 3ygp, | F(@)[3 < 6%, where 16 < g7 < ¢°.

Then, with t := [g2qc3] (< 2¢%93), there exist 1 < r < min(£,2§?) distinct polynomials g1,. . ., gr
of total degree < d, nonzero integers ai,...,a, with Zj aj = 1 and Z] a? < 2¢%, and a set
X D Ep with |X| < 3¢™° ™%, such that

x) = Zaj €gi(x) forallz ¢ X,
J

and moreover ) Ezjgjl =P, inFy[x] for all 0 <1< Ly = [¢"'%], where P, is the global moment
polynomial of Proposition 5.4.

Proof. Write t, := |supp F(z)| (> 1 by (ii), and < ||F(z)||3). All moment polynomials used
below are within the range of Proposition 5.4 (indeed 2ld < 2L1d < 2¢°' < ¢ —1).
Step 1 (rank collapse). Put E; := EqU {x : t, > t}; since £ +1 > §%¢®, Markov’s
inequality gives |E)| < 2¢™0~¢. Let T :=t and Hr = (Pitj)o<ij<r over F,[x]. For z ¢ E;
we have Hr(z) = VI DV with V € FtIX(TH) the Vandermonde matrix of supp F(x) and D the
invertible diagonal matrix of weights; as t, < T + 1, V has full row rank, so rank Hy(x) = t,.
Let r be the rank of Hp over F,(x). Any nonzero p X p minor is a polynomial of degree
< 2i(t 4+ 1)d < 12q01 < q(l — 2¢7%), hence (Lemma 1.2(i)) is nonzero at some z ¢ FEj,
giving p < t, < t; so r < t, and the pointwise rank bound < r glves ty, < rfor z ¢ Ej.
All r-minors cannot vanish off E; (same degree bound), so some z* ¢ Ej has t,» = r; there
the leading principal minor A, := det(P;+;)i j<r is nonzero (square VIDV), so A, # 0 and
deg A, < 2r2d < 8¢%!. Define the good set G := {x ¢ Ey : A.(x) # 0}; for x € G we get
r <rank Hr(z) = t, <7, 80 t; = r. Also |G¢| < 2¢™0 +8¢™0~09 and r > 1 since Py = 1.
Step 2 (splitting). Let U(x,X) := det M, where M is the (r+1) x (r+1) matrix with rows
(P, ..., Piyy) for i = 0,...,7r — 1 and last row (1,X,...,X"). Expansion along the last row
gives lex ¥ = A,, degy U = r, deg, ¥ < r(2r — 1)d < 8¢%!, and total degree oy < Dg :=
9¢%1. For x € G with support {v1,...,v,}, the coefficient vector ¢ of x;(X) = [[;(X — v;)
satisfies M (z,vy)c = 0 (the moment rows because ., F'(x),,v!x,(v;) = 0; the last row because
Xz (vi) = 0), so ¥(z,v;) =0 for each '; since degy ¥(z,-) = r with nonzero leading coefficient,
U(z, X)=Ar(2)xz(X): at good z, V(x,-) has exactly v distinct roots, namely the support.
Claim: every irreducible factor of W in Fy[x, X] involving X has degx = 1. Let G | ¥ be
irreducible with n := degy G > 1 and 0 := deg G < Dy. Specializing a factorization, for z € G
we have lex (G)(x) # 0 (the X-leading coefficients of the factors multiply to A, (x) # 0), and
G(z,-) divides the squarefree, totally split ¥(z,-), hence has exactly n distinct roots in F,. So
the hypersurface V(G) C A"+ satisfies #V (F,) > n|G| > nqg™ (1 — 3¢).

e If G is absolutely irreducible, Cafure-Matera’s explicit estimate (applicable since ¢ > 264:
indeed 2(9¢*1)* < ¢%4? < q) gives
#V(Fq) < qmo + (5_ 1)(5_2) mof— +5513/3 mo—1 < qm0(1+q 029+q70.55)'

0.29
Hencen<%<2 son=1.

e If GG is irreducible but not absolutely irreducible, then over IF‘q we have G = ¢[]7_; G;
with e > 2 and Frobenius permuting the G; transitively (otherwise an orbit product
would be a proper rational factor). Any F,-point p with G;(p) = 0 also satisfies Gy (p) =



0 for some i # i (apply o with GY ~ Gy; o fixes p). So all rational points lie on
Ui V(Gi) NV(Gy), a variety of dimension < mg — 1 and degree < §* (Bézout), whence
#V(F,) < 62gmo—1 < gm0 (using the standard bound #W (F,) < deg W - ¢gmW) —
contradicting #V (F,) > %qmo.

So ¥ = c(x) [[;_, (4;X — Bj) with each factor irreducible (A; # 0, ged(4;, Bj) = 1); degrees
of factors add, so deg A;,deg Bj < Dy =: Hy. Put v; := B;/A; € Fy(x). If 75 = ; for some
i # j, then the factors are proportional (B;A; = BjA; together with coprimality), making
U(z,-) non-squarefree at good points with A;(z) # 0 — which exist, since CH]- A;j = A, s
nonzero on G; so the v; are pairwise distinct. Define the very good set VG := {x € G : (B;A; —
BjA;)(xz) # 0 Vi < j}; note that A, (z) # 0 already forces c(x) # 0 and all Aj(x) # 0. Then
IG\ VG| < (5)2Hog™ ! < ™98 and at « € VG we have supp F(z) = {v1(z),...,%(2)}, r
distinct values.

Step 3 (weights are constants). Solve the Vandermonde system VJ]?WJ- =P, (0<k<r—
1) by Cramer’s rule over Fy(x): after clearing denominators (columnwise, fy]’? = B]'?A;_l_k /A;‘l)7
W; = U;/Vy with degUj,deg Vo < Dy := r*Hp + rd < ¢®'7 and V # 0 on VG; uniqueness of
the solution gives W;(x) = F (2)+,(z) # 0 at every x € VG. Suppose some W; is nonconstant.
Let M; == |¢%%] and Ry := {pmod q : p € Z,|p| < M;}. The set of  where W; is defined
and takes a value in Ry, has size < (2M; 4+ 1)D gm0~ ! < ¢™0~977 (each level set is contained
in the zero set of U; — A\Vy # 0), and Vy vanishes at < D4¢™~! points. At every other z € VG,
the integer F'(2),,(z) = Wj(z) ¢ Rsm, s0 [F(2),, ()| > M1 and |F(z)|?> > M% > 1¢*!. There
are > |VG| — 2¢m0~077 > %qmo such points, all outside Ey, giving mass > %qmo*‘o'l > §2qmo —
contradicting (iii). So each Wj is a constant a; € F;.

Step 4 (polynomiality and degree). For 0 < [ < Lj, the rational function Zj c‘zj'yjl - B
vanishes on VG; its numerator over []; Aé- has degree < I(d + rHy) < Li(d + rHp) < 19¢°28 <
q(1 -3¢~ ), so by Lemma 1.2,

doajy =P inFy(x), 0<I<Ly (7.1)
j

No finite poles. Fix an irreducible 7 and the m-adic valuation vy; let S := {j : vz(y;) < —1}
and suppose S # (0. For i # j, vz(vi —vj) < vx(Bi4; — BjA;) < deg(B;A; — BjA;) < 2H.
Apply Lemma 6.1 (8 =0, H = Hy, weights a;): some [ < 2H|S| + 2|S| — 1 < 40¢*!3 < L; has
vr(Djes &j'yé) < 0. But by (7.1), > /e C_Lj’}/;- =P =2 i¢s Ezj'yjl. has v; > 0: a contradiction. So
every 7y, is a polynomial (a priori of degree < Hy).

Degree < d. Let S := {j : degy; > d + 1}, v := ||, and suppose v > 1. Set p} :=
> jes aﬂj. =P - ZMS Ezj’yé, of degree < Id for 0 < 1 < L;. Take A := 2vd + 1; the window
satisfies A +2v — 2 < 2rd + 2r < 10¢%%7 < L;. Identity (6.1) for the S-family with offset A:
the left-hand side has degree < v(A + 2v — 2)d, while the right-hand side is nonzero of degree
> A jegdegy; > Av(d+1). Hence A(d+1) < (A +2v —2)d, ie. A < (2v —2)d < A, a
contradiction. So all deg~y; < d; set g; := ;.

Step 5 (lift and junk). Let a; € (—q/2,¢q/2] lift a; (so a; # 0). Call z € VG clean if
F(z) = Y ;ajeq,(z) as integer measures. At x € VG we have F(z) = > jeg;(x) With distinct
atoms; if z is not clean, some entry of F'(x) differs from its canonical lift by a nonzero multiple
of q, so ||[F(x)||*> > ¢?/4; hence at most 4¢%¢™ =2 points of VG are unclean. At clean x:

>.ja; = aug F(z) =1 (exactly, over Z) and | F(z)||? = y a?; averaging the mass bound over
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the clean points (> ¢"°(1 — 3¢~%) > %qmo of them, all outside Ej) gives Zj a? < 242, and
in particular r < 2¢%. Let X be the complement of the clean set; collecting the estimates,
|X| < 2¢Mo—¢s 4 8gmo—09 4 ¢mo—083 4 ggmo—198 < 3gmo=cs  Finally, (7.1) with v; = g; is the
stated polynomial identity. O

8 The Tuple Decoding Lemma

The naive route — decode each slot marginal and place the support in the product grid — is
unsound: marginals of signed measures can cancel. For instance, e g)+€(1,1)—€(0,1)—€(1,0)T€(2,2)
has both slot marginals equal to ez, hiding the values 0,1. We repair this by a formal mizing
coordinate: one extra domain variable 6, with the mix £y(v) := v + Ovg + - -- + 6771, turns
the tuple problem into a scalar problem one dimension up, with no loss of information.

Theorem 8.1 (Tuple decoding). Let 2 < mg < 27, 1 < J < 27, and let F : FI'° — Z[F]]
satisfy: (i) F is C-structured with C of coordinate degree < d < ¢%9%; (i) aug F = 1; (iii)
SIFE@)3 < §%¢™ with 16 < G2 < ¢%09. Then there exist 1 < r < 2 distinct tuples
v = ('yjl, ... ,’yj‘-]) of polynomials of total degree < d+ J — 1, nonzero integers b; with Zj bj =1
and b? < 2§%, and a set X with |X| < 4¢"™0~3/2 such that

x) = ij ) (r ¢ X), and ZB]- ’y;-{ = Px inFy[x] forall k| < Ly, (8.1)

where Py are the global moment polynomials of Proposition 5.4 and % := Hj(*yj)kf

Proof. Let t := [§%¢®*] and let t, := |supp F(z)| be the integer support size (this is the right
count both for the ¢1—¢> comparison and for the atom bookkeeping below; it dominates the
mod-q support size). Each nonzero integer entry contributes > 1 to |[F(z)||3, so t. < ||F(z)]|3
and Markov’s inequality gives |{z : t, > t}| < gm0,

The ¢-extension. Define ' : Frotl — Z[F,] by F(z,0y) := (lg,)+F(z). By Lemma 2.2
(pointwise pushforward along the point-dependent map £y, ), F is C-structured, where C :=
{e(z,00) = >, ) 'c,(x) : ¢ € C} is a linear code on Fmotl of coordinate degree < d :=
d+J—1<q" 04 Augmentation is preserved. As for mass, ||F(x 60|12 < | F(z W2 <t F(2)|3,
so with Ej := {ac ty > 1} x Ty (of size < ¢(mot1)=¢3) we get (2.00) £, |F|? < tg?gm™ot!, and
16 < £G? < 2¢%016 < ¢092_ Apply Theorem 7.1 to F' (domain dimension mg+1 < 28): we obtain

F<t = [thqCﬂ < 2¢" 03 distinct polynomials g;(x,¢) of degree < d, nonzero integers aj;, and
X with |X] < 3¢(motD—cs gsuch that F = >, ajeg, off X.

Reconstruction. Call = good if: (a) t, < t; (b) |[{6y : (z,00) € X}| < ¢*~/2; (c) for all
J#7, gj(z,-) # gy(x,-) as polynomials in . The failure sets have sizes: (a) < ¢™°7%; (b)
< Sq(mo‘H 05/q1 c3/2 — 3gmo—cs/2 (Markov); (c) for each pair, some §-coefficient of g; — g; is
a nonzero polynomial in x of degree < d, giving < r2dqm0 L < gmo—=09,

Fix a good z and let Sy := supp F(z) (so |Sz| = t,, with integer weights wy, := F(x)y # 0).
Call 8y valid if: (z,00) ¢ X; £y, is injective on S, (this excludes the roots of at most (;) nonzero
polynomials ((1,0,...,0771), v—v’) of degree < J—1, i.e. < #2J values); and the values §;(z, )
are pairwise distinct (excluding < 72d values). At least ¢ — ¢'=¢3/2 — 2] — 72d > q/2 valid 0y
exist. For valid 6y the two integer measures

Z Wy efgo(v) = J) 90 Zaj €3, (z,00)

VGSz
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have distinct atoms on each side, so the atom sets coincide with matching weights; in particular
ty = 7, and there is a bijection oy, : S; — [F] with Jorgy (v) (x,00) = g, (v) and Oy, (v) = Wy Fix
v € S, by pigeonhole some j has g, (v) = j for at least (¢/2)/7 > $¢°%7 > d valid 6, whence

the polynomial identity in 6:
J

gi(2,0) =Y v, 077 (8.2)
=1

Distinct v yield distinct right-hand sides, hence distinct j (by (c)); since |S;| = t, = 7, the
assignment v + j(v) is a bijection, every g;(w,-) has the form (8.2), and wy = G;(v)-
Globalization. Write §;(x,0) = Y~ 7ji+1(X)0° with 7;,; € Fy[x] of degree < d. By (8.2), for
every good x the coefficients with ¢ E_J vanish; since the good set has > ¢™0(1 — 5q~¢3/ 2) points
and d < q/2, these coefficients vanish identically. Set ~v; := (vj1,...,7;.) (distinct tuples,
degrees < d), bj := a; and r := 7. For every good z, F(z) =}, bjex,(x) With the tuples v;(x)
pairwise distinct (by (c) and (8.2)). Hence at good z the augmentation gives },;b; = 1 over
Z, and ||F(z)|]? = > b?; averaging the mass bound over good points gives b? < 2¢% and
r < 2¢%. Let X be the non-good set: |X| < g0~ 4 3¢™m0—3/2 4 ¢m0=09 < ggmo—cs/2,
Moment identities. For |k| < Lo we have 2|k|d < 2¢%3% < ¢ — 1, so Py exists (of degree
< |k|d) and equals py everywhere; at good z, uy(z) = > bjy;(x)%; the difference of the two
polynomials has degree < |k|d < ¢"3* < ¢(1 — 4¢=°/?) and vanishes off X', hence is zero
(Lemma 1.2). O

9 Decoding the layers; converting penalties into class identities

Let (Fy, Fy, F3,Fg) be a coherent integer proof (Definition 4.1). Apply Theorem 7.1 to Fj
(budget g, Ep = @) and Theorem 8.1 to Fy, F3, Fg (budget ¢g> < ¢%%%3; coordinate degrees
d,ds,dg < qV031 < ¢%935). This yields:

o Fy: alist {(a;, A;)}i<r, with A; distinet, deg A; < d, a; € Z\ {0}, > ;ai =1, >, a? < 2¢%;
|X1’ < 3qm—C3'

o I {(bj,v;)}j<r,, distinct triples, degy; < di :=d+2; [Xy] < 4q™ ~¢3/2; identities (8.1)
up to Lo.

[ ] F3 {(Clﬁan)}kSr?’, degBkH < d3 —+ 26’ ‘X3| S 4qm’_c3/2‘

* FG: {(fk?Dk)}k‘STS, dengn S d6 + 77 ‘X6| S 4qm—63/2.

All list sizes are < 2¢2, all weights are nonzero integers of absolute value < v/2g < ¢/2 (hence
nonzero mod q), and every net (sum of weights over a sublist) has absolute value < 2¢% < ¢/2;
hence mod-q equalities of nets upgrade to Z-equalities. Class measures: for a weighted
list of polynomials, >, n;[P;] denotes the induced finitely supported Z- (or F¢-) valued measure
on the polynomial ring.

Lemma 9.1 (Slot pinning). For each v >, b;[v;] = >, ai[Ai o] as Z-valued class measures
on Fyw].
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Proof. By (P1), marg, Fo(w) = Fi(mw) for all w. For w ¢ X Um, 1(A)) (a set of size <
4q™ —€3/2 4 3g™ €3 < 5g™ —¢3/2)  taking I-th moments of both sides gives, mod ¢, Zj l_)jfy; (w)t =
S aiAi(mw)l. For 0 < 1 < [¢%0%4], both sides are polynomials of degree < ldy < ¢*03% <
q(1 — 5g=/2), so by Lemma 1.2 they are equal as polynomials. Since [¢%%*] > r| + 7y,
Lemma 6.3 (over K = F,(w)) gives equality of the Fy-class measures; nets upgrade to Z. O

Lemma 9.2 (P4 matching: clause composites). Define Comp; := P - [[.(vj = s.) € Fy[w] and
Gr =3, ZxByx. Then ), bj[Comp;| = >, ¢x[Gk] as Fy-class measures. Consequently, every
class of the composite list whose net is nonzero mod q equals some G and hence
vanishes identically on H™ (each Z,; vanishes on Hm/).

Proof. By (P4), (Oy).Fa(w) = (Ey)«F3(w) for all w. For w ¢ Xy U A5, the I-th moments give,
mod ¢, >, b; Comp;(w)! = 3=, &Gr(w)!. Degrees: degComp; < m'(h — 1) + 3d < 210h
and degGyp < h +ds + 26 < 270h; for 0 < I < [¢"%%] (> 7y + 73) we have [ - 270h <
q*936 < g(1 — 8g—cs/ 2), so Lemma 1.2 upgrades these to polynomial identities, and Lemma 6.3
concludes. O

Lemma 9.3 (P6 matching: a Boolean class exists). There is i* < ry with a; # 0 and Aj«(x) €
{0,1} for every x € H™.

Proof. By (P6) and the same derivation (exceptional set X3 UXg, degrees < max(2d, h+ds+7) <
130h, window [¢*9%4] > r; + 1¢),

Z@i [A7 — Ai] = ka [Gf)], Gy = Z 2 Diges

k r<m

as IF -class measures on Fy[z1, ..., 2y,]. Partition {1,...,71} according to the polynomial A?—A;;
the part nets sum to Y, @, = 1 # 0, so some part P has net # 0 mod ¢. By the measure equality,

its polynomial equals some G(6), and every G,(f) vanishes identically on H™ (each Z, does; the
zero polynomial also qualifies). Pick any i* € P: then (A% — A;)|gm = 0, i.e. A;+ is Boolean
on H™, and a;+ # 0. (The pairing A <+ 1 — A merging into one part is harmless: any member
serves.) =

Remark. Lemma 9.3 deliberately uses only polynomial-identity class facts evaluated on H™,
never table values at points of H™: the subcube H™ (of size h™ < ¢™/0) is far smaller than
any exceptional set, so pointwise facts there would be worthless.

10 Moment membership, the extended window, and triple rigid-
ity
Lemma 10.1 (Moment membership, MM). Write Fy = 3, ; ¢; Enc(Ajm) + Pp with ¢; € Z

and A, € RM(m,d) distinct (possible since Fy is Ca-structured; I may be astronomically large).
Then for every k and every w,

ZCZ (y1)™ Af(y2)™ Af(y3)™  (mod g).
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Moreover, if 2|k|d < g — 1, then as polynomials
7 L

in particular Py does mot involve the s-variables, it involves the block y, only if k, > 0, and
deg,, Px < k,d — uniformly in the other components of k.

Proof. The first display follows from Enc(A'm)(w) = e(ar(y,),47(ys),4’(3))» the linearity of i, and
g | P. The right-hand side of (10.1) is a polynomial of total degree < |k|d < g computing the
same function as Py (of degree < |k|d < ¢); by Lemma 1.2(ii) they are equal as polynomials,
and the structural properties are inherited from each summand. ]

Lemma 10.2 (Extended-window identities, R+). For all k with |k| < Lo = |¢°3],
Y n [k = Y al[Aw)  inFyful. (R+)
J L % L

Proof. Concatenate (8.1) for F» with (10.1); both are valid for |k| < Ly (indeed 2]k|d < g — 1
holds). O

Theorem 10.3 (Triple rigidity, R2). >, bj[v,] = >_; ai[(Aim, Aima, Aims)] as Z-valued class
measures on tuples; equivalently, ro = r1 and, after reindexing, b; = a; and vy; = (A;m1, Aima, Ais).

Proof. Write 0y for the common polynomial in (R+).

Phase I (locality). Claim: for each slot v and each variable & outside the block y, (i.e. in y,
with ' # 1, or in s), degg v; = 0 for all j. Take . = 1 (the other cases are symmetric, using
the tag pairs (1,3) and (1,2)). Fix a foreign  and let v := — deg,, a valuation on Fy(w) with
v < 0 on nonzero polynomials and v = 0 exactly on the &-free ones. Group the indices j by
the pair (Yu, xu) = (732,733): say N < ry distinct pairs. Fix a group ug. By Lemma 6.2 the
evaluation matrix (Y2 x%),; tego.n—1}2 over Fy(w) has rank A; choose A independent columns,
let A # 0 be the corresponding minor, and solve by Cramer’s rule for ¢ = (cofactor)/A with
S cthi2x!3 = 6y, Entry ¢-degrees are < 2(N — 1)d4, so dege A and all cofactor degrees are

u

< 2rZd.. For every k with k + 2ry < Lo, grouping (R+) at k = (k, to, t3) gives
20+

Qi = Z bj(’y]l)k = %Z(cofactor)t Ok t,t)
IS t

By Lemma 10.1, deg¢ 0 ¢,,15) < 72d (more precisely < tod if £ € yo, < t3d if £ € y3, and = 0
if ¢ € s) — uniformly in k. Hence v(Qy) > —D for all such k, where D := 5r3d; < ¢,
Let S := {j € up : degg 7]1- > 1} and suppose S # 0, v := |S|. Within the group the 'y} are
pairwise distinct (the tuples are distinct and the pair is fixed). For j ¢ S the terms b; (’y})k
are {-free, 50 py 1= ) ;g Bj(fyjl)k satisfies v(px) > —D for all k < Ly — 2ry. Apply Lemma 6.1
with H = 0 (differences are nonzero polynomials, so v < 0), 8 = D and weights Bj € IE‘;: some
1< D+2v—1<¢%% < Ly —2r; has v(p;) < —D, a contradiction. So S = ). Applying this to
all foreign ¢ and all slots: v; = G%(y,) with G € F,[y,] of degree < d.

Phase II (coupling). Substitute y2 := y; into (R+) (a ring homomorphism, so identities are
preserved). The right-hand side becomes 3, & AL(y1)* %2 Al(y3)*, a function of (ki+k2,ks)
only. Subtracting the identities for (ki, ko, k3) and (k1—1, ko+1, k3) (with k1 > 1),

> b;(Gi(n) = G3(w)) G (y) L G5 ()2 G (ys)™ =
J
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The nodes n; := (G}(yl),G?(yl),G?(yg)) € Fy(y1,y3)® are pairwise distinct (coordinatewise
equality forces equality of the polynomial triples, i.e. j = j'). Taking (k1 — 1,k9,k3) = t €
{0,...,79—1}3 (all with k| < 37y < Lg), Lemma 6.2(ii) gives Bj(Gjl — G?) = 0 for every j; since
Bj £ 0, Gjl- = GJQ-. The substitution y3 := y; likewise gives G} = G?. So every tuple is coupled:
v; = (Gjm1, Gjma, Gyms) with G = G} pairwise distinct.

Phase III (identification). Lemma 9.1 with ¢ = 1 reads _, b;[G;(y1)] = >_; a;[Ai(y1)] with
all atoms distinct on each side; hence the weighted sets coincide: {(b;, G;)} = {(ai, 4i)}. O

11 Endgame

Lemma 11.1 (Injectivity of composites). The map A — Comp, := & - H?:l(A(yL) —8,) 18
injective on Fylz1,...,xy] (for arbitrary degrees), and Comp 4 # 0.

Proof. We have ® # 0 (as ¢ has a clause), and each factor A(y,) — s, is a nonzero polynomial,
monic of degree 1 in s, and hence irreducible in the UFD F,[w] (a factorization would have a unit
degree-0-in-s, factor). If Comp, = Comp 4, cancel ®: the irreducible factors of [],(A(y,) — s.)
match those of [],(A”(y.) — s.) up to scalars. Only the ¢-th factor on each side involves s, (the
three variable blocks (y,, s,) are disjoint), so A(y1)—s1 = ¢(A”(y1) —s1) for a scalar ¢; comparing
s1-coefficients gives ¢ = 1, hence A = A”. O

Theorem 11.2 (Extraction). If a coherent integer proof exists, then ¢ is satisfiable.

Proof. Decode asin §9. By Theorem 10.3, ro = r; and the layer-2 classes are {(a;, (A;jm1, A;ima, Aim3)) bi<ry s
thus the composite list of Lemma 9.2 is {(a;, Comp,,) }i<r, -

(a) Every class is clause-good. By Lemma 11.1 the Comp,, are pairwise distinct, so each
class of the composite partition is a singleton {i} with net a;, and a; # 0 (since 0 < |a;| < ¢/2).
By Lemma 9.2, for every i the polynomial Comp,, = ® ], (A4i(y.) — s.) vanishes identically on
Hm.

(c') A Boolean class exists. By Lemma 9.3 there is ¢* with a;» # 0 and A;+ Boolean on H™.
Combination. Define a(v) := A;(tvar(v)) € {0,1} for each variable v of ¢. Let C be any
clause and w := w(C) € H™. Then ®(w) = ¢(w) = 1, so by (a) applied at the point w
we get [[,(Ai<(y,) —s,) =0, i.e. Aj«(y,) = s, for some ¢; since y, = tvar(v,) € H™, this says
a(v,) =s,=1—b, i.e. the literal ¢, is true under a. So « satisfies every clause. O]

Corollary 11.3 (Soundness). If ¢ is unsatisfiable, then disto(t*, L) > ¢°A,.

Proof. Otherwise Proposition 4.2 yields a coherent integer proof, and Theorem 11.2 a satisfying
assignment. 0

12 Parameter ledger and proof of the main theorem

12.1 Ledger

Throughout, N > Ny = 210" hence ¢ > 21%° and every explicit constant < 2100 js < ¢0-001
(absorption). Base quantities: h < ¢'/%0; d = 60h < ¢"0%6; d, = d+ 2; d3 = 267h + 3 < ¢*03!;
d6 = 128h < q0.029; J < J+ 26 < q0.032; g2 — 16q0.002 < q0.003; list sizes re < 292 < q0.0031;
t <2¢%9; windows L1 = [¢"1%], Ly = |¢"3].
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# | Requirement Instantiation Check

1 | Bertrand: d*° < ¢ < 24%° — v

2 | scalar cap d < ¢*%* max: dz + 26 < ¢0032 v

3 | scalar budgets 16 < §° < ¢°-02 direct: ¢%; f-calls: tg> < v

940016

4 | Step-1 minor SZ: 2(f + 1)d < q(1 — | < 12¢%!
2¢~)

5 | Prop. 5.4 ranges used: 2ld < q — 1 for | 2L,d < ¢"2; 2Lods < 2¢°-335 v
I < max(2t,L1); 2|k|d < ¢—1 for [k| <
Ly

6 | CM precondition ¢ > 26, § < Dy = | 26* < ¢42 v
9q0.1

7 | CM  slack: (6—1)(6—-2)g /% + | — v
5613/3¢=1 < 94029

8 | conjugate case: §2¢7! < ¢ %™ « 1 — v

9 | very-good losses < r?2Hyq~ ' < ¢ %8 | Hy = Dy v

10 | Step 3: Da = 72Hy +rd < ¢*17; | My = [¢"%°]: ¢*'/32 > v
(2M1+2)DA(]—1 S q—0.77; M12/32 > q0.02
gQ

11 | no-poles window 2Hyr+2r < 40¢%1% < | — v
Ly

12 | degree window 2rd+2r < 10¢°97 < Ly | — v

13 | (7.1)-SZ: Ly(d + rHp) <19¢°28 < ¢q/2 | — v

14 | lift: unclean < 4¢%¢™~2; /2§ < q/2; | — v
] < 3gmo—es

15 | tuple: |Ej| < ¢motV=cs (scalar Eo- | — v
cap)

16 | tuple: valid 6y count > g—g%9%°—2J— | 14097 > ¢0-052 v
72d > q/2; pigeonhole (¢/2)/7 > d

17 | tuple exceptional < 4¢™°~¢/2; down- | — v
stream SZ uses 1 — 8¢ <3/2 > %

18 | (8.1)/(R4) SZ: Lod < ¢*3* < ¢q/2; | — v
MM-form Lod < ¢

19 | CS windows: [¢%%%4] > r; + ro, ro + | Lemmas 9.1-9.3 v
r3, 11+ 16 (< 4g% < ¢20032); degrees
[-270h < %036 < ¢/2

20 | Phase I: D = 5r3d, < ¢"%; window | — v
D+27"2—1+2T2 S q0'05 S LQ; k+27"2 S
Ly

21 | Phase II window 3ry < ¢%0% < L, — v

22 | completeness degrees: 50h < d3z, 15h < | — v
dg, m(h—1) <d

23 | soundness radius: ¢°A, < ¢*'; | Prop. 4.2 v
[p(F)| < 2¢*; W - 3¢* < ¢ <
P — q31; q31 <W

24 | nets: 2¢g < ¢/2 (mod-q to Z upgrades) | 32¢°-0°2 < ¢/2 v

25 | n <2074 < g% (14¢719) < ¢ | 9.9%x1074=55-18x107° v

¢c— 1075 > 55¢
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12.2 Proof of Theorem 1.1

The reduction of §2 maps a 3CNF formula ¢ to (By/R, t*/R) in deterministic polynomial
time (§2.5), with lattice rank n < ¢ by (2.2). If ¢ is satisfiable, then dista(t*,L) < A,
(Proposition 3.3), so the output instance has distance < A,/R < 1: a YES instance. If ¢ is
unsatisfiable, then dista(t*, L) > ¢°A, (Corollary 11.3), so the output distance exceeds

C

C
Ay, S q
R — 144710

> qc—10*5 _ q9.9><10*4 > (q55)1.8><10*5 -
a NO instance (ledger #25). Degenerate inputs are handled by §2.6 (for n = 1 we have n® =1,
and the fixed instances have distances 0 and 3/2). Composing with the Cook-Levin reduction
of any NP language to 3SAT completes the proof, with ¢ = 1.8 x 107°. B

External results used without proof. Cook-Levin; Bertrand’s postulate; polynomial-time
Hermite normal form computation with polynomial bit-sizes (Kannan—-Bachem); the Delsarte—
Goethals-MacWilliams duality GRM,(p, 2)* = GRM,(2q — 3 — p, 2) (Proposition 5.2); Cafure—
Matera’s explicit estimate |#V (F,) — ¢@™V| < (6 — 1)(§ — 2)qimV=1/2 4 5513/3gdim V=1 for
absolutely irreducible affine V of degree § under ¢ > 264, and the elementary bound #W (F,) <
deg W - ¢@™ W The use of the Cafure-Matera bound has massive slack: any bound of the shape
g™ 4 69 gmo=1/2 yalid for ¢ > 69N suffices, since § < 9¢! here.
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