MORE THAN TWO THIRDS OF THE ZEROS OF THE RIEMANN ZETA
FUNCTION ARE SIMPLE AND ON THE CRITICAL LINE

CLAUDE
ANTHROPIC

ABSTRACT. We prove unconditionally that at least two thirds of the nontrivial zeros of the
Riemann zeta function, counted with multiplicity, are simple and lie on the critical line, and
that at least five sixths are distinct; the previous unconditional records are % and 0.6603.
With the Montgomery—Taylor window the constants become 0.6725 and 0.8362. The argu-
ment makes Montgomery’s 1973 deduction unconditional: the Riemann hypothesis, classically
needed to read the zero side as a positive sum over real ordinates, is replaced by a rank-trace
inequality applied to a finite compression of Weil’s Hermitian form, with Sylvester’s law of in-
ertia handling off-line pairs. The analytic inputs are those of Aryan and of Baluyot, Goldston,
Suriajaya and Turnage-Butterbaugh. The results extend to primitive Dirichlet L-functions
and are formally verified in Lean 4.

1. INTRODUCTION

1.1. Results. Write p = 3 + 47 for a nontrivial zero of ((s) and m, > 1 for its multiplicity.
For 0 <T7 < T5 let

N(Th,T») := ZT1<'y§T2 mp (
Ng(Th,Tz) == #{p: T1 < v < Tr} (distinct zeros),
N§ (T, To) ==#{p: TL <y < Tp, B=73} (
N§(T\,To) =#{p: ' <y <Ty, B=4, m,=1} (simple zeros on the critical line);

zeros, counted with multiplicity),

distinct zeros on the critical line),

write also Ny for the zeros on the line counted with multiplicity and N® for the simple zeros;
thus N§ < Nj < Ny < N and N§ < N°* < N; < N. Write N(T) := N(0,T), and recall
N(T,2T) = £ (log £ +2log2) — &£ + O(log T).

Theorem A. AsT — oo,
(i) NG(T,2T) > (% — o(1))N(T,27T), (i) Na(T,2T) > (3 = o(1))N(T,2T).

With the Montgomery—Taylor window Yyt of (2.6) in place of the indicator window )y, the

constants improve to 2 — cl\_/[lT = 0.67250... and 5(3 — CK/IIT) = 0.83625. .. respectively, where
cl\_/}r = % + %cot %; among windows 1 (equivalently, certificates of the form 2 — R(v)),

this is optimal [CCLMI17, Cor. 14]. The ceiling over the broader class of all bandwidth-one
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certificates is approzimately 0.682; see . A fortiori Ni(T,2T), No(T,2T), N*(T,2T) >
(2 —o(1))N(T,2T).

The same holds for (0,7) in place of (T, 2T'), with rate O(loglogT/log T') (Remark [6.1]). The
previous unconditional records are = for Ng/N [PRZZ20] and 0.6603 for Ng/N [Wul5]. The
constants %, %, 0.6725 are those of Montgomery [Mon73], Conrey—Ghosh—-Gonek [CGGOIS,
(1.2)], and Montgomery—Taylor [Mon75| under the Riemann hypothesis. Under RH, 0.6792 for
N?/N is known via semidefinite programming using the positivity of the form factor outside
[—1,1] [CGdL20], a regime the present method does not enter.

Theorem B. Theorem holds verbatim for L(s,x) in place of ((s), for any fized primitive
Dirichlet character x.

The arithmetic inputs are Weil’s explicit formula, the Riemann—von Mangoldt formula and
the bound N (t,t + 1) < logt, Stirling’s estimate for IV/T", Chebyshev—Mertens estimates for
> ex A(n)? and -, - A(n)?/n, and the Montgomery—Vaughan inequality for the frequencies
{logn : n < X}, X <T. No mollifier, zero-density estimate, or zero-free region is used.

~

1.2. The proof. Weil’s explicit formula defines a Hermitian form W (f, g) = >_,m, f(7,) 9(7,)
on compactly supported test functions, v, = (p — %) /i; its positivity on all of C2(R) is equiv-
alent to the Riemann hypothesis [Wei52, Bom00]. We restrict W to a family of d ~ N(T,2T)
modulated copies of a fixed window %, equispaced through [T, 277, and let G be the resulting
d x d real symmetric matrix, normalised so that an isolated simple on-line zero contributes 1
to trG (

(Z) Up to a tail of trace norm o(1), G = P + Q: each distinct on-line zero contributes a
rank-one positive form to P, each off-line pair {p,1 — p} a block of signature (1,1) to
Q. Writing s1, s2,p for the numbers of simple on-line zeros, multiple on-line points,
and off-line pairs in the window, one has tr P < Ny, n(Q) < p, N > s1 + 2s9 + 2p,
and tr G = (1 + o(1))N (Propositions 4.3).

(P) Hé’”%s = (R(¢) + o(1))N, where R(v¢)) depends only on the window (Lemma :
R(¢g) = % for the indicator, R(¢mT) = ci/llT for Montgomery—Taylor. This is Mont-
gomery’s unconditional prime-side second moment [Mon73, [Ary22| BGSTB24] (Theo-

rem [5.7)).
(L) For Hermitian Py = 0 and ' with n4(Q’) < b (Lemma[3.2)),

(1.1) rank P, > 2tr Py +4trQ —4b — ||Py + Q' ||is.

Taking P; to be the simple-on-line part of P and Q' := G- P1, Theorem |A|is then the single
chain

(12)  N§+o(N) > rank Py > 4trG —2N — ||G|f3s = (2— R(®) —o(1))N :

the first inequality is Proposition the second combines (L) with tr P, + 2n4(Q') < N
from (Z); the equality is (Z) and (P). At ¢ = 1 this is Theorem [A]i), and at 1) = ¢ the first
constant of the second sentence. For (ii), rearranging the second step gives 3s; + 4(s2 + p) >
(4 — R(y))N; subtracting s1 + 2s2 + 2p < N gives 2(s1 + s2 + p) > (3 — R(¢)))N, whence
Ng > s1+s2+p > 3(3—R(¥) —o(1))N. The inequality is the matrix form of m? > 2m—1;
with the simple zeros on the rank side and the multiple ones at the flat charge 4, it recovers
m2 > 3m — 2.
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1.3. Context. That a positive proportion of the zeros lie on the critical line is due to Sel-
berg [Sel42]; Levinson’s mollifier method [Lev74] gave & (simple, by [HB79]), Conrey [Con89]
> %, and [BCY11l [Fenl2, [PRZZ20] the present record % Under RH, Montgomery [Mon73]
deduced % simple from the pair-correlation second moment; [Mon75) [CG93, BHB13, (CGdL20]
improved further.

Montgomery’s prime-side evaluation is a mean value of a Dirichlet polynomial of length
T and is unconditional; RH entered only to read the zero side termwise as a positive sum
over real ordinates. Aryan [Ary22] made this explicit for the Fejér-kernel second moment,
and Baluyot, Goldston, Suriajaya and Turnage-Butterbaugh [BGSTB24|] then showed that
Montgomery’s form factor itself holds for the sum over all complex zeros. Goldston and
Suriajaya [GS25, [GS26] (also [BGSTB25, [GLSS25]) subsequently showed that 2, 2 follow
under the hypothesis that all zeros lie within o(1/logT) of the line, isolated the remaining
obstacle as the termwise positivity that fails off the line, and asked what would follow if it
could be removed. Theorem [A| removes it: the inertia bound (Z)+(L) replaces the positivity.
Section gives the comparison in detail.

The observation that the negative index of truncations of W counts off-line pairs is
Bombieri’s [Bom00]; we are not aware of a previous use of rank and positive index together
with a second-moment evaluation.

1.4. What the results are not. The theorems are lower bounds only: the remaining third of
the zeros are not shown to be off the line, merely not reached by the certificate. The inputs are
insensitive to o(N) off-line zeros and hold for Davenport—Heilbronn and Epstein zeta functions,
for which the analogue of RH is false. Given only trG, ||G |%s and the block structure, the
inequality is sharp (; improving on % by this route would require pair-correlation
information beyond Fourier support 1.

1.5. Formal verification. The author of this paper is a large language model developed by
Anthropic; the argument was found in a single interactive session and checked by repeated
adversarial review by independent model instances. A Lean 4 formalisation of Theorems [A]
and |B| accompanies the paper (Appendix .

1.6. Plan. Section [2| fixes the explicit formula, the test family, and G. Section proves (L.I)).
Section [4] carries out (Z); Section [5| carries out (P). Section [6] carries out the chain (1.2)).
Section E] records the relation to [BGSTB24] [GS25] [GS26], the sharpness of the method, and
conditional extensions. Appendix [A] records the formalisation.

1.7. Notation. f(¢) = Jg f(w)e ™ du. For a Hermitian matrix R, n(R) is the number of
strictly positive eigenvalues and || R||%g = tr R2. We write [ := log(T/27) and Dg := T"/2.

2. THE EXPLICIT FORMULA AND THE TEST FAMILY

2.1. The explicit formula. For 7 € R set

1 T'/1 iry logr 1 X+ 1« A(n)
H(T)._%Ref(ﬁu )— . Hx()=—Ref—  Px(r)i=—— Y = cos(rlogn),

r\4 2 27 ™S4T nSX\f
and vx := p + IIx + Px. Weil’s explicit formula (e.g. [IK04, §5.5]; our normalisation agrees

with [BGSTB24]) reads, for F' € C?(R) even,

~ ~ . ~ . ~ A(n
@) EmF)=F+F-h - [ Foutryar =232~ pogn;

n>1



4

CLAUDE

if moreover supp F' C [—log X, log X] then the pole terms ﬁ(:l:%) are absorbed into [ F. IIx

and

(2.2)

Zp: mp ﬁ(’yp) = /Rﬁ(T) vx(T)dr.

With ¢; := 1+ 2log2 — 1, the components of vx in (2.2)) satisfy (see e.g. [IK04, §5.5])

@ is even, smooth, increasing in |7|, p > p(0) > —1,
(2.3) p(r) = Elog l+0(r2), p/(r) < |77 (Ir] > 1);
3WVX 1« A(n)
2.4 1I < — P < = N X
(2.4) | X(T)|—1+\r|’ Ix(T)!_WT;(\/ﬁ«\ﬁ,
(2.5)
o T€1 - 2 TR -2

2.2. The window and the test family. This subsection fixes the window ¢, the test function
¢, and the sample grid {ay}; the matrix G is defined in :

11

Fix an even window ¢ € C%([—3, 3

(2.6) Yo :=1_1/2,1/2)

Fix x € C°°(R) nondecreasing, X|(—cc,0 = 0, X|j1,00) = 1. With L =1
X :=el =T/(27), set

(2.7) ¢(u) = x (5 +u) x(5 -

Then ¢ € C2(R) is even, 0 < ¢ < 1, supp¢ = [ 5,

intervals of length O, (1); supp(¢*¢) C [-L, L] =

]) with ©» > 0 on [—35, 5]. The two choices we use are

dJMT(S) = COS(\/iS) 1[_1/271/2}(5).

= log(T'/2m) and

u) -

Y(u/L)2.
L

L], and ¢*(u) = ¢¥(u/L) off two transition
[—log X, log X], so (2.2) applies to F' = any

product of modulated copies of ¢. By Paley—Wiener and j = 0, 1, 2 integrations by parts,

9()] < ezl
since [|¢f1 < L, [|¢'[lh < 1, |9"]1 < 1
on the bulk).
Here and below, Cy := [|(¢?)"||1 <y 1
Place ay := T + 2nk/L for k € Z and d :=
d= N(T,2T) + O(L). For a zero p set

(2.9) Up = (5(% -

(2.8)

. min(

2.3. The matrix G. Let [ :=

L, |2]7% 1217,

(the ()

ak))0§k<d e C%

[T,2T), I' := [T —

z € C,

(u/L) - L™ contribution being < L'~J

|LT/(27)], so ag,...,aq—1 € [T,2T) and

d

VT, 2T + ﬁ), and partition the zeros

with Revy, € I’ into on := {p : B = i}, off := {p : B # 3} (sets). Put a := ||¢|3/L =
/- Y 22 ¥ + O, (L™1) and define the real symmetric d x d matrices
1 ~
T — T —
(2.10) Z Mp Vv, P := 2 Z Mp VU, Q:=G-P,
Revpel’ pEon
and E := (aL?)~1 ZRM ¢ Mp Upv Rank and inertia are basis-independent, so no orthonor-

malisation is needed. The functional equation pairs off as {p,1 — p} with vi_; = 7, so G, E
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are real symmetric. By (2.2 ,
(2.11) (G4 E)j = /gb T —ag) T—Oék/)Vx(T) dr.
Lemma 2.1 (Poisson—Gabor identity). For all z,2' € C,

Z o(z — ag) z —ag) = L@(z -2, in particular Z gg(z —o)? = L||¢||3 = aL®
keZ keZ
For z = 2 real, truncating to 0 < k < d gives ||v,||3 < aL? for p € on.

Proof. Fix z, 2’ and let T( ) : qg(z - s)d)(z’ —5). With ¢,(u) := ¢(u)e* and H := ¢, * ¢/ €

C.(R) one has T(A) H(—s); hence T is smooth with YT(s) = Oy(]s|™) by (2.8), and by
Fourier inversion Y(¢§) = 2nH (§), which is continuous and vanishes for [{| > L. Poisson
summation ), ., Y(T + kh) A en T Y (—2wm/h)e2mimT/h holds since h = 2w /L the
dual lattice is LZ, so only m = 0 contrlbutes, giving h~ 1T( ) = 9= - 27 [ ¢(u )2ei=— gy, =
Lg/bi(z —2'). O

Thus the Gabor system at the critical density h = 27 /L has a translation-invariant frame
kernel with no aliasing error, for any window supported in an interval of length L.

Lemma 2.2 (Montgomery—Vaughan, bilinear form). Let A\i,...,Ag € R be distinct, ¢

ming, |\ — Ag|, and .,z € C. Then
3 EREN%: | 2|2\ 1/2
(5t (s )

DIFs

Proof. For z = x this is the weighted Hilbert inequality of [MV74, Theorem 2|; see also [Mon94,
Ch. 7]. In general, with H,s :=i/(A—Xs) (r # s), Hyr = 0, and A := diag(dr, 12 ), the case z = x
says ||AHA| < 2 (operator norm, AHA Hermitian); then |z*Hz| < 3T [|A~ x| |[A7 2], O

We apply Lemma - 2| with {A\,} = {logn : n < X prime power}; consecutive prime powers
satisfy log ™ w > 5, SO

(2.12) Syt <om, Y 6 el <2) njx,f
n n

3. LINEAR ALGEBRA

Lemma 3.1 (Inertia under pull-back). Let Qo be a Hermitian form on C™ and A: C* — C™
linear. Then ny(A*QoA) < ni(Qo).

Proof. If Qg o A is positive definite on a subspace U C C¢, then A|y is injective and Qq is
positive definite on A(U); hence dimU = dim A(U) < ny(Qo). O

Lemma 3.2 (Rank-—trace inequality). Let P,Q be Hermitian d x d matrices with P > 0,
rank P <7, and n1(Q) <b. Then

(3.1) r > 2trP+4trQ —4b — ||P + Q|l4s.
Equality holds if P =111, QQ = 2Ily for orthogonal projections 111 L Il of ranks r,b.
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Proof. Write Q = Q4 —Q_ with Qx = 0, Q1 Q_ = 0, rank Q. < b. Then |P+Q||%g = || P|lAs+

|1Q+Is + Q-7 + 2tr(PQ4) — 2tr(PQ-) — 2tr(Q1.Q-) and tr(PQ4) > 0, tr(Q+Q-) =0
Let py > - > pg > 0and ny > --- > ng > 0 be the eigenvalues of P and (J_. By von
Neumann’s trace inequality tr(PQ-) < >, pin;, so
1Plfs—2tr(PQ-)+Q-llfs > Z —n)® = Y (2pi—ni)=1)+) 0} > 2t P-r—4trQ_,
i<r i>r
using #? > 2z — 1, then —2n; > —4n; for i < r and n? > 0 > —dn; for i > r. And
1Q+|34g = > qu > > i(4g; —4) > 4tr Q4 — 4b over the < b positive eigenvalues. Adding, and
tr@Q =trQy —trQ_, gives (3.1)). O
Remark 3.3. Alternatively: the map U — ||P + UQU*||%4 on the unitary group is continuous
on a compact set, and at a minimum the first-order condition tr([P,UQU*|H) = 0 for all
Hermitian H forces [P,UQU*|] = 0; simultaneous diagonalisation then reduces (3.1]) to the
scalar inequalities (z — 1)2 > 0, 22 > 0, (z — 2)? > 0 in the three sign cases of (p;, b;). Setting
@ = 0 and optimising the coefficient 2 recovers rank P > (tr P)?/||P||%.
Lemma 3.4 (Weyl). If A, E are Hermitian with |E|| < 0, then ni(A) > #{i: Mi(A+E) > 6}.
Proof. \i(A+ E) < X\i(A) + || E|| (Courant-Fischer). O

4. THE ZERO SIDE

Throughout §§4H6] the implied constants depend only on x and ), and we take T large.

Proposition 4.1 (Block structure). P > 0 with rank P < Nj(I') and tr P < No(I'); and
n.(Q) < off.

Proof. For p € on, v, € R, so v, € R? and m, vpv; > 0 has rank < 1; summing, P > 0
with rank P < #on = Nj(I’). By Lemma at z = 2/ = ~, and nonnegativity of the
summands, ||vp||2 = Zogk<d d(vp — ay)? < L||¢||%; summing mp||vp||2 and dividing by L||||3
gives tr P <3 - m, = No(I').

For the off-line bound: pair off as {p,1 — p} and write v, = a + ib with a,b € R%. Then
mp(vva +9,7,") = 2my(aa’ — bb") is the pull-back of m,({ %) under z — (a'z, b'x).
Summing, @ is the pull-back of @palrs (%, 9 ), whose positive index is the number of pairs;
apply Lemma ]
Proposition 4.2 (Trace). trG = N(I') 4 O, (TY/212).

Proof. By Lemma at z = 2/ = v,, for each zero with Re~, € I,
tr(vpv =al?— Z gb Yo — ay)?
kg[0,d)
For k ¢ [0,d) one has oy, ¢ [T,2T'), hence | Re~y, — ozk| > D, :=dist(Re~,, {T,2T}). By (2.§)
with | Im,| < 3, ]¢(’yp ag)]? < eL/QCf(\ Re~, — ax|™4, and the k-sum is bounded by integral
comparison (step h = 2w /L):

Z |Rey, —ap|™* < 2<Dg4 + hl/ 54 ds) < L min(L?, D;?’).
k¢ [0,d) D

Dividing by aL? < L? and summing over zeros in I’ (density < L; O(L) zeros have D, < 1,
contributing <, X1/2L2; the rest satisfy Zp D;?’ < L, contributing <« X/2. L=1. [ = X1/2),

trG — N(I')| < X'/2L? < TY2L% = o(N(I')). O
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Proposition 4.3 (Tail). |E|; <, T~2; in particular | E||, || E|lus < | El1 = o(1).

Proof. Since vav;',—Hl = |lv,ll3, IE|l; < (aL2)_1ZRmpgﬂ,mpvaH%. For such p, D :=
dist(Rev,, 1) > Do = /T, and as above [jv,|3 < eL/QCf( -h7'D™? <« X'2L D73, By
N(t,t+1) < log([t| + 3) [Ti86, Thm 9.2,

lo
> m,D? <« L/ D3dD+ Y g||37| < LT .
Re, &1 Iy >3T

ence~1<<a . : K TLLT
H |E||; < (aL?)~'- X1V2L . LT ! « X'\27-1 <« T7-1/2 O

Remark 4.4. The C? smoothing is necessary: for the sharp cut-off ¢ = 1i_1/2,1/2) one has only
|p(r—iy)| < XW!/2/|r|, and the right-hand side of the first display in the proof of Proposition
is then > X/2Llog(T/Dy), which is not o(N) for any Dy = T"¢.

Corollary 4.5. tr P+ 2n,(Q) < N(I) + O(v/TlogT), and N§(I) > rank P — O(v/T log T).

Proof. tr P4+-2n.(Q) < No(I') +#off < N(I') = N(I)+O(V/TlogT) by Proposition since
NI =3, mp+> e mp > No(I')+#off, and N(I')—N(I) < VT log T by the short-interval
bound. The second claim is rank P < Ng(I') = Ng(I) + O(V/T log T) rearranged. O

5. THE PRIME SIDE
5.1. Auxiliary estimates. We record the auxiliary bounds used in this section. Put b :=
%f@b‘l (so0<b<a<l),w:=1,and

P

(5.1) D = ¢?, g = % * ¢, Ay =% o, (vxv)(y) := /v(u)v(u +y) du.

Thus ¢ and ® are real, even, entire; qb( ) < L, ®(0) = aL; the pair-correlation kernel R := |¢|2
is nonnegative by construction; (152 A¢ and ®? =g on R; Jr ®? = 2mg(0) = 27wbL; g and Ay
are even, and since 1{_1, /51 1/2-w] < P <o < 112,072

(5.2) (L—2w—ly))+ < g(y) < Ag(y) < (L—[y)+.
Integrating by parts in ,

~ C
(5.3) max(]qb(r)\, |<I>(r)|) < Y(r):= min(L, |7“2|, w—;;) (r e R),

and a direct computation (split the integrand at |r| = 2/L, |r| = C\/2) gives
(5-4)

CyL CyL
@0—/ I(r dr—4+2log4 < log L, /19 \r!dr—8+810g4 < log L, /192<8L.

Lemma 5.1. ([MV07, §2.2]) For z > 2,

(5.5)
T;A(n) < z, Z;A\(}?g?)\/% (x > x9), T;c\/g(lz)gn logx ZA ? < rlogu,
(5.6)
n)? og r)? n)? ogx)?
Z A(n) = L g2 ) + O(logx), Z A(n) (logx —logn) = (Mgé}) + O((log z)?).

n<x n<x
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(Each follows from )’ _ A(n)/n = logz + O(1) by partial summation; see [IK04,
Theorem 2.7].) In particular, writing a, := A(n)n~Y2, ([@2.12) gives anxaidgl <
25 e x Aln)? < XL; and by [3), @4) and (53),

(5.7)
ux(T)| < B+logt Il (reR), |x(m)|<B (r|<4T), B:=1+4VX, B*<+X.

5.2. Reduction to a double integral. By [2.11)), (aL?)?(|G+E|}s = [fro K (1, 7)2vx (T)vx (') dr d7’,

where

(5.8) K(r,7') = Z (Z(T — ak)(g(T/ —ag) = Lot —7") — Kou(7,7),
0<k<d

Koyt denoting the sum over k ¢ [0,d); by Lemma and (5.3)),

(5.9) K|, L|®| < al?,  |Kow(r, 7)< > 9(r — ap)d(r' — ap).
k¢[0,d)

Proposition 5.2 (Reduction to the double integral).

NlogL)

SO 1 —
G + EH%IS = 373 / - ¢* (1 — T')2 vx (T)vx (7)) drdr’ + Ox( 2

Proof. Write (aL?)?|G + E||I2{S as [[1 KZv/' + & + & with v = vx(7), vV = vx(7),
&= [ (K2 — K2 )v/ and & = ff(lx[)c K?*v/';note ([, K2v/' = L*M.
Bound for &. By (5.9), |K? — K| = |Kout| |K + Keo| < 2aL?| Kout|, and |v|,|v/| < B on I

by (5.7). Hence
‘51’<2L2B2 Z /19 T—()zk

k¢[0,d)

For k = —j (j > 1) we have dist(ag, I) = jh; for k=d+ 1+ j (j > 0) we have ay, > 2T + jh
because T + (d+ 1)h > 2T Since [° 9 < min(0g, Cy/(wA)) < min(6g, Cy/A) for A > 0, we
get

Z /19 T — ag) dT <22@0 —|—22mm<@0, ,X) SlO@(Q)—l—
k¢[0,d) j>1

6C, 0
X0« Llog L,

where the term 2(20)? accounts for k = d, d+1 (for which we only use [, ¥ = 26y), the points
Qdt1+j, J > 1, being at distance > jh to the right of I; the j-sum was split at j = C, /(h©y),
and was used. Thus |&;| < L3B?log L.

Bound for &. By symmetry [£| < 2f 1 Lo K2v/|. Using K? < al?|K|

L2 3 g V(7 — o) (7" — ),

’52|<2L2Z( 9 = alx () dr /ﬁT—ak)|Vx( ldr').

In the second factor, the range |7 — a| < 2T has |7/| < 4T and contributes at most 20 B; on
|7' —ag| =: 7 > 2T we have |7'| < 2r, |ux(7')| < B+log(r/T) and 9(r) < Cyr~2, contributing
< B/T. So the second factor is < 30 B uniformly in k. The sum over k of the first factor
equals ngéI lvx(7)|o(T)dr with o(7) := Y, 4T — ag). For 7 ¢ I let A := dist(r,I); the
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numbers |7 —ay|, 0 < k < d, are > A, > A+ h, > A+ 2h,... in increasing order, and ¥ is
decreasing, so

1 [ L C dc

< ih) < - < — mi =X < < —=X.

o(r) < ;ﬂ(A—mh) <V(A)+7 /A ¥ V() + 5 min(00, ), o(r) Sdd(A) £ G

On A < 2T (where |7] < 4T, |vx| < B) this gives [ |vx|o < 2B[0+ L& (Cy + Cy log %)]

2B(©g + CyLlogT); on A > 2T (where |7| < 2A, |vx(7)] < B + log(A/T)) it gives

2 [y dCy (B + log(A/T))A™?dA < C,LB. Hence Jrgrlvxlo < BLI and [&] < L? - ©yB -
BLI < L?B?llog L.

<
<

0

5.3. Evaluation of M. For functions w1, us on I write
Mluq,ug] := // ®(1 — 1)y (T)ua (7)) dr dr’,
IxI
a symmetric bilinear form (®? is even), so that
Recall [, ®* = 2rbL, [, ®(x)?|z|dz < logL (by (5.3), (5.4)) and, by Fourier inversion of

®2? =g (g even, continuous, compactly supported),

(5.11) /R@(x)Qeizy dx = 2mg(y) (y € R).

bLT?
1
2T ( +

Proposition 5.3 (Archimedean term). M|u, | = 27bL fTQT p? + O(Plog L) =
O(1™2)) + O(I?log L).
Proof. For 7,7" € I, u(r) = u(r") + O(|7 — 7'|/T) by (2.3)), and 0 < u <1 on I. Hence

M, 1] :/IM(T’V(/”/@(Q:)MJ,») dT’+O(% /I/Rq)(a:)le\dxdT').

The error is O(llog L). In the main term, [, , ®* = 27bL — [ ., ®*— [ ..  ®* and
Jiu(™? [ ®(x)? dadr’ <12 [, ®(x)?>min(|z|, T) dz < I*log L, similarly for the other
piece. The second form follows from ([2.5]). O

Proposition 5.4 (Prime term).

2
M|[Px, Px| = % Z A(Z)g(logn) + Oy (L*X), g = ¢ % ¢°.

n<X
Proof. Write Px (1) = —5= >, an(n"4+n~"). Then Px (7)Px (1) = ﬁ Re) , m anam [n”m_”/+
n”miT’]. Substituting 7 = 7/ + x and noting that for fixed z the variable 7/ ranges over
I N (I —x), which is empty for |z| > T and equals [T + 2, 2T — z*] for |z] < T
(zF := max(+£x,0)), we obtain

(5.12)
1 T 9 4 2T—$+ n ir! 2T—1‘+ -
Px,Px]=—R nQm P w — dr’ Tdr'| d
M|Px, Px] 5,2 eZa a /_T (x)*n [/Tﬂ (m) T +/T+m (nm) T] x
=D+ 01+ O,
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where D collects the terms n = m of the first inner integral, O; the terms n # m of the first
inner integral, and Oy all terms of the second.
D. For n = m the first inner integral is T — |z|, so by (5.11)) and 3", a2 < L? (Lemma ,

D= 53 2 (T 2ratu) +O( [ @1 (el 4 Ty de) ) = 15 aoton) + O og 1),

using fx|>T P2 < fCIJQ\x|/T
0. Here |f§£ ,x (nm)i™ dr'| < 2/log(nm) < 2/log4 for all n,m, so |Os| < 27T2 (>, an)2-
21bL - 15o7 < XL by (5.5).

O;. For n # m put ¥ := y, — Yy # 0. The first inner integral equals [(n/m)
(n/m) WT+a” )]/(1'19), and n®(n/m)~™" equals m* for z > 0 and n™® for < 0, while
ni®(n/m)®" equals n™ for x > 0 and m® for z < 0. With

i2T—2t) _

T 0
ab = / ®(z)’n'™® du, a,, = / ®(z)?n'® de, lof| < wbL < 7L,
0 -T

we therefore get

1

O, = TﬁRe ; M[(Z)%T(afn +a,)— (%)iT(a:{ +a;)].

UWyn — Y
This is a combination of four sums of the shape >_, ., @nZm/(Yn — ym) With {[2,[, 20|} =
{an, anla|}; for instance the first is Znim(ann%T)( mm2iT ot m)/(Yn — Ym). By Lemma
and (2.12)) each of the four is at most 3T - 7L - a?/6, < L>X. Hence |O;] < L*X.
Finally, by (5:2) and () (note a2 = A(n)?/n).

(L_zw)g 2 2 2 2 L 2

n<Xe—2w n<X n<X
and (L — 2w)3 = L3 — 6wL? + O(w?L) with 1 < w < L/8, which gives the second form. [
Proposition 5.5 (Cross terms). My, Px], Mu,IIx], M[Px,IIx], M[x,IIx] <y
L*VX.

Proof. Let m(7') := [; ®( 2u(r)dr for 7 € R. Then 0 < m < [-27bL, m is C!, and
dlfferentlatlng under the 1ntegral and integrating by parts in 7,

m/(7) = — /l w(7) 0, [@(r—")?] dr = p(T)®(T—7')—p(2T)B(2T ')+ /1 W (F) (=) dr,

) that fl\m < lfCI>2 +T-O(T71) [®* <« IL. For y > log2, integrating by parts,

) cos(T'y) dr'| < (2sup|m|+ m’ )/y < IL/y. Therefore
m I

1 a vX
Pyl = ‘f ., / L) d " IL "1l YE VX
| M|, Px]| ﬁzn:a /Im(T)cos(Ty )dr'| < ng;(,logn < 7

by (5:5). Next, on I we have [TIx| < 3vX/T, 0 < pu <, |Px| < VX (by 24), B5), T > Tp),
and sup, |, (=7 )2dr" < 2rbL; the remaining three bounds follow by inserting these sup
bounds into the definition of M|-, -] (an integral over a region of 7/-length T'). O
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5.4. The window constant.

Lemma 5.6 (Window constant). For even ¢ € C([—1,3]), ¥ > 0, let

JUa w2+ L1010, lu = vl (u)(v) du dv

(5.13) R() := 2

(L4 0)°
Then R(to) = 5 and R(dur) = & + f cot \1[ = Cyip-
Proof. For 1)g: fl/)()—l [yg =1, ff]u—v|—2f0 w)dw = %, s0 R = 3. For ¢yr: the
function G(u) )+ f1/22 |u —v|(v) dv has G = w” +2t) =0 on (—3, 3), hence is affine
there, hence (belng even) constant; G(0) =1 —|— 2 fl/zvcos(ﬁv) dv = cos 7 % sin % and
[ = \/ism ,s0 R(Ynr) = G(0)/ [ ¢ = 5 + f cot \1[ after integrating G = G(0) against

]
Theorem 5.7. ||G|4s = (R(¥) + Oy (L™Y)) N(T,27T).

Proof. By Propositions . . HG—l—EHHS (a’L?) Y (Mp, p) + M[Px, Px]+ O(L*VX)) +
O(Nlog L/L?). Rescaling ¢*(u) = 9(u/L) + O(Ljysrs2-1) gives 93 = L[ v + Oy(1),
[0l = L w2 + Ox(1). 9(u) = L(® * ¥)(y/L) + Oy(1) uniformly; so 3,y *Gg(logn) =
LY, %n)z(w * w)(lo%) + Oy (L?), and by partial summation with Y, -, A(n)?/n = 3 log?t +
O(logt) this equals L3f01w (¢ x ) (w) dw + Oy (L?). Thus B

M i+ MIPx. Py = 2 ([0 2 [l ) + 0,(TE2) = B2 Rw)(f ) +0,(T12)

by Lemma (since 2f0 w(th * ) = [[|u— v, ¢ even). Dividing by a>L? = L%([¢)? +
Oy(L):

~ o~ TL
|G+ Ellfs = R() - 5~ + Oy(T) = R(w) N(T.2T) + Oy(N/L).
Finally ||G %~ IG + Ells| < 2I|G + Ellus||Ellus + | El}g < VN -T~Y/2 by Proposition [4.3]

U

6. PrRoOFs oF THEOREMS [A] AND [B
groof of Theorem[4] Set P, = (aL?)~! > peony vpv;)r (the simple on-line zeros) and Q' :=
G — P;. Then P; = 0, rank P, < s1, tr P; < s1 (Lemma each m, = 1); and Q' is the
pull-back of P ¢, mp|z|* & @pairs(w(; "), s0ni(Q') < s2+p by Lemma Lemma
with (P, Q') and tr Q' = trG —tr Py gives

rank Py > 2tr Py + 4(tr G — tr Py) — 4(s2 +p) — ||Gllig = 4tr G — 2tr Py — 4(s2 + p) — |G| s,

and since tr Py + 2(s2 +p) < 51+ 232 +2p < N(I') this is > 4trG —2N(I') — HéHHS Now
trG = N(I') + o(N) (Proposition , HGHHS = (R(¢) + o(1))N (Theorem , =
N(I) + O(DoL), and N§(I) = s1 — O(DOL) > rank Py — O(DoL), giving

For (ii): rearranging the display above, 3s; + 4(sy + p) > 4trG — ||GHHS, subtracting
s1+2s942p < N(I') gives 2(s1 + s2+p) > (3— R(¢) —o(1))N, and Nyg(I') > s1 + sa+2p >
s1 + s2 + p. The cumulative form follows by summing over dyadic windows. O
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Proof of Theorem[B. Replace C by L(s,x), x primitive mod ¢: in (2.1), p gains —12% and
the I'-factor shifts to 1JTX + 5, A(n) becomes A(n)x(n), and the pole terms are absent for
X # Xo. The functional equation still pairs p <+ 1 — p. Propositions and Theorem

O

go through with Og(-) errors (|x| < 1); the chain ((1.2)) is unchanged.

Remark 6.1 (Rate; the parameter \). Tracking errors gives N§(T,2T) > (2 — R(¢) —

cwloil%TT)N(T, 2T) for T' > Ty (v, x), the loglog T from Proposition If instead L := Al for

fixed 0 < A < 1 (so X = (T/2r)*), the argument gives 2 — Ry (¢)) with Ry (1) = % + %, ie.
H(\) =2-— % — % in place of 2, and the loglog T may be dropped. No A < 1 improves the
constants.

7. RELATION TO PRIOR WORK; SHARPNESS

7.1. Relation to prior work on the pair-correlation second moment. In the
notation of [GS25 [GS26], the unconditional “Fejér kernel sum over zero differences”
Zp,p/(%fvv(p — ) = (2 +0(1))Llog T ([Ary22, Cor. 1.4]; [BGSTB24, Theo-
rem 1]; [GS26l, Lemma 2]) is, up to the choice of smoothing, the zero-side reading of our ||éH%IS
Goldston and Suriajaya [GS25, Theorem 2] (see also [GLSS25] under the pair correlation
conjecture) show that an unconditional bound 3°, ez ,—y 1 < (C 4 o(1))N(T) with
C < 2 (zeros repeated according to multiplicity) would give proportions > 2 — C' of simple
zeros and > 2 — C of zeros on the line, and that C = % would follow if the terms v # ~/
of the Fejér sum could be discarded, which requires a positivity that fails for zeros far from
the line; in [BGSTB25, [(GS26] this is achieved under the hypothesis that all zeros lie within
0(1/1logT) of the line (Aryan [Ary22, Cor. 1.5] had earlier obtained > 2 simple zeros under
a zero-density hypothesis). Theorem [A| is an unconditional substitute which reaches their
number 2 — C = % both for zeros on the line (as distinct points) and for simple zeros on the
line: instead of isolating the “horizontal diagonal” v = +' termwise, Lemma bounds the
rank of the on-line (resp. simple on-line) part of the whole Hermitian form from its trace,
its Frobenius norm and the positive index of the rest. For simple zeros on the line we thus
obtain 2 — C' = 2 unconditionally; this is the constant that [GS25, Theorem 3(i)] gives under
the hypothesis [GS25, (6.1)] on the diagonal and symmetric-diagonal terms, and hence under
the box hypothesis [GS25, Theorem 4], [GS26, Theorem 1]; for distinct zeros Theorem [A[ii)
gives % = % unconditionally, which is the value of the average of the simple and critical
proportions in [GS25 Theorem 3(ii)] and the RH-conditional constant of [CGGI8, (1.2)].
That the negative index of finite truncations of Weil’s form equals the number of off-line
zero pairs seen by the truncation was observed by Bombieri [Bom00] (Introduction); see also
Yoshida [Yos92| for the positivity of W on small support. We are not aware of a previous use
of the positive index or of the rank in combination with a second-moment evaluation.
7.2. Sharpness and limits of the method. (a) Dimension. rank P, n,(G) < d = N(1 +
0(1)), so the ceiling of any argument of the present kind is 100%. The restriction L =< logT
(equivalently X < T') comes from Proposition for X > T the off-diagonal prime sum is no
longer dominated by the diagonal, and its evaluation would require information on prime pairs
(the Hardy-Littlewood conjectures, or equivalently Montgomery’s pair correlation conjecture
for support > 1 [Mon73, (GMS8T]). In the extreme hypothetical configuration in which all zeros
in [T, 2T are off-line pairs, Proposition gives rank P = 0, n4(Q) < N/2, while Lemma [3.2]
would then force ||G s = 2N > 2N; the contradiction shows only that at least two thirds
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of the zeros are not of this kind, which is what Theorem [A] says. Nothing in the method
distinguishes between “two thirds” and “all”.

(b) Sharpness of the three counts. Given only tr, || - [|}g, the block structure and tr P < s1,
the inequalities of §6| are sharp in all three parts: %N mutually orthogonal simple on-line zeros
together with £ N on-line doubles realise tr = N, |- |35 = 3N, s1 = 2N, Ny = 3N the same
extremal configuration as in Montgomery’s RH argument. Replacing the doubles by off-line
pairs of depth — 0 (spectrally the same) gives the extremal for Theorem with s1+s2 = %N ;
for that configuration the Theorem |[A[i) certificate gives exactly 2 while Theorem (ii)’s is not
sharp (Ng = N), consistent with §1.4}

(¢) The two levels of integrality. Lemmal|3.2) with the decomposition (P, Q) of Proposition[4.1]
recovers the level (m — 1)? > 0; with the regrouping (P, Q') of the proof of Theorem (1) it
recovers also the level (m — 1)(m — 2) > O—interacting simple zeros, whose eigenvalues fill
(0,2), are harmless because they sit on the rank side, where only rank P; < s; and tr P, < s1
are used, while every multiple on-line point and every off-line pair sits on the index side at the
flat charge 4. This is the device of [CGGI8, (1.2)] made unconditional.

What can still be varied is the window ¢ (Lemma and the number of moments used.

The dimension bound rank P < d = N(T,2T) + O(1) is the trivial ceiling referenced in (f);
it is decisive in combination with the following observations, which we state informally. (d)
Lemma [3.2]at ¢ = 1 is the case m =1 of the one-sided Chebyshev-Markov-Stieltjes bound: if
the normalised moments d~'tr G¥, k < 2m, are known, the sharp lower bound for n, (G)/d
is 1 — A, (0), Ay, the Christoffel function of the moment sequence at 0. (e) The prime-side
evaluation of tr G¥ by the diagonal method of Section (multiplicative relations among k
prime powers, Montgomery—Vaughan for the rest) is available exactly in the Rudnick—Sarnak
range [RS96] X* < T27%; at X =< T this allows only k = 1. Thus, unconditionally, higher
moments add nothing. (f) Conditionally, let HL*(kp) denote the hypothesis that for all
k < ko, trG¥ = dmy(1)(1 + o(1)), where my(1) is the k-th moment of the limiting spec-
tral distribution of the sine-kernel Gram matrix over the sine process (for k = 4 this encodes a
Hardy-Littlewood-type asymptotic for the additive correlations ), (AxA)(m)(AxA)(m + h),
|| < X?/T). One computes my,(1) = 1,%,2,22 for k < 4, so Ay(0;1) = 2 and HL*(4) would
give liminf N§(T,2T)/N(T,2T) > %, and HL*(kg) for all kg would give proportion 1 (of sim-
ple zeros on the line), the ceiling of (a); RH itself is out of reach of the mechanism. This
is complementary to [GLSS25], where the pair correlation conjecture with full support yields
100% simple zeros on the line.
The bandwidth-one ceiling. The 2 of Theorem (1) is within 0.016 of the ceiling of its own
method, as we now make precise. Call a bandwidth-one certificate any function p of a locally
finite, p — 1 — p—symmetric configuration that (a) depends on the configuration only through
its first two trace moments against test functions of Fourier support in [—1, 1] and the partition
into on-line points and off-line pairs, and (b) satisfies p < N§/N configuration by configuration.
The certificate used for Theorem|A(i) is of this kind. For any such p and any window r of Fourier
support in [—1, 1], the Lean theorem Zeta23.PairCeiling.ceiling law256 establishes

1 1
c0+/ r@)zde < p + 0.824]r(1)] + 2.55-10_6<|r’(1)|+/ |r"\)
0 0

under two hypotheses: hvalid, asserting co + ) ;<956(5;/256) 7(j/256) < p for the sampled
form factor (S;) of the explicit 256-periodic law recorded in Zeta23/PairCeiling/LauN256.lean
(the optimum of the corresponding finite programme); and Encl0K, certifying the form-factor
enclosures LawN256.encl. Here pg := 1 —ay is the exact rational recorded there (rounded up,
po < 0.6818287): configuration-wise validity of the certificate gives Ez[p] < E£[Nj/N] =1—an
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on averaging over L£—this one-line step is carried out here, not in Lean. For a band-limited
window, r(£1) = 0, which zeroes the 0.824|r(1)| term (the _signed variant requires only
r(1) > 0), and the resulting bound py + 2.55 - 107¢(|/(1)| + [ |7|) is below 0.6819 for both
windows and for any window with |r/(1)| + [ || < 8.2.

At the cited repository tag (v1.0), the enclosures Enc10K are certified by interval arithmetic
and are not checked by the Lean kernel; what is kernel-checked, given Encl0K, is the 255 near-
CUE row inequalities |256 S(j) — j| < 3- 1074, the edge bound |D(1)| < 0.82395317 and its
sign, and the analytic stability inequality with its constant. This is the only place in the paper
where a numerical certification enters; the formalisation of Theorems [A] and [B]is independent
of it and depends only on the three standard axioms (§1.5)).

7.3. Conditional extensions. Under the Riemann hypothesis the third trace tr G3 is avail-
able [Hej94, [RS96], and the certificate of Theorem [A[ii) can be run with the cubic weight
w(m) = gm+ 75 (2m? —m3) + %lmzl (tight at m = 1,2, 3; Schur-Horn applied to the convex
minorant of —§a? + ;5z%): with the window cos(%)l‘sglﬂ and [BHBI3]'s N*/N > 32 on RH
this gives liminf Ng/N > 0.85082... (cf. 0.8477 on RH [CGdL20]). More generally, if Mont-
gomery’s form factor were known on support (—Ag, Ag) for all Ag, the method would certify
100% simple zeros on the line.

Remark 7.1 (Zeros of &). Applied to the derivative & of the completed zeta function in place
of &, the argument of §§4H0| gives, unconditionally,
Noe (T, 2T) Nayg(T,2T)

lim inf > (.85838 and lim inf

> 0.92919
T—o0 Ng/(T,2T> B T—o00 N§/<T, 2T) —

(lat window; with the quartic window v(s) = 1 — 755(2s)? — 2(2s)* the constants become
0.86864 and 0.93432), where Ng (T1,T5) counts zeros p1 = 1 + iy, of § with T <y < Th
with multiplicity, Ng,g, those that are simple with 8, = %, and Ng¢ the distinct ones. The
comparanda are: unconditionally, Conrey [Con89] proved that at least 79.874% of the ze-
ros of & are simple and on the critical line; assuming RH, Farmer, Gonek and Lee [FGIL14,
Cor. 1.3] obtain > 85.84% simple by Montgomery’s method, and Chirre, Gongalves and de
Laat [CGdL20, Cor. 7] obtain 0.8825 simple, 0.9412 distinct. The flat-window constant 85.838%
is thus Farmer—Gonek-Lee’s RH-conditional constant with RH removed; the quartic window’s
86.864% exceeds it and remains below the RH-conditional 0.8825. Note that for zeros of &’
merely on the critical line (without the simplicity), Wu [Wulbl §3] has 0.86957 uncondition-
ally, which neither our 0.85838 nor our 0.86864 exceeds; the new content is the simplicity.
These are formalised in Lean at the cited tag as Zeta23.XiPrime.xiDeriv_simple_on_line
and xiDeriv_simple_on_line quartic, with #print axioms returning only the three stan-
dard axioms; the comparator statements are xiPrime_simple_zeros_on critical_line and
its _quartic variant.

APPENDIX A. LEAN FORMALISATION

A Lean 4 formalisation of Theorems [A] and with the constants stated in this paper,
accompanies the paper (toolchain v4.33.0-rc2; Mathlib revision 51e6992e£d06; repository
tag v1.0). The top-level declarations for Theorem in Zeta23/Unconditional.lean
and Zeta23/FinalMult.lean, are reproduced below; their types carry no hypotheses.
The repository records corresponding declarations for the Montgomery—Taylor constants
and for Theorem [B| at the same tag (Zeta23/ThmD/Mult.lean, Zeta23/ThmE/Mult.lean,
Zeta23/ThmDE/Mult.lean), and its comparator/ directory states all of them a second time,
against Mathlib alone, in the challenge format of the leanprover/comparator tool. The
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counting functions of are defined directly against Mathlib’s riemannZeta, and the analytic
inputs of §2] appear in the repository as theorems in their own right rather than as hypotheses
of the main theorems; several are ported, with attribution, from the PrimeNumberTheo-
remAnd project [PNT+]. The repository’s audit documentation records that at the cited
tag it contains no axiom declarations beyond Mathlib’s and that #print axioms on each of
Zeta23.two_thirds_on_critical_line, Zeta23.thmBp mult, Zeta23.thmCyp mult, and the
corresponding declarations for the Montgomery—Taylor constants and for Theorem |B|, returns
only the three standard axioms propext, Classical.choice, Quot.sound, with no sorry.
The repository is available at https://github.com/anthropics/zeta-23-1ean.

For the reader’s convenience we reproduce below the counting-function definitions and the
statements of Theorem [A} the statement of Theorem [B]is analogous, and the full repository
contains the proofs.

-- Counting functions (Zeta23/Statement.lean), against Mathlib’s riemannZeta:
import Mathlib.NumberTheory.LSeries.RiemannZeta

import Mathlib.Analysis.Analytic.Order

namespace Zeta23

def IsNontrivialZero (p : C) : Prop := riemannZeta p =0 A 0 < p.re A p.re < 1

def zeroMult (p : C) : N := (analyticOrderAt riemannZeta p).toNat

def zerosIn (T; T2 : R) : Set C := {p | IsNontrivialZero p A T; < p.im A p.im < To}

def Ncount (T; T2 : R) : N := Zf p € zerosIn Ty T2, zeroMult p

def Ndist (Ty{ T2 : R) : N := (zerosIn Ti; T2).ncard

def NO (T; T2 : R) : N := Zf p € zerosIn Ty To N {p | p.re = 1 / 2}, zeroMult p

def NOstar (T; T2 : R) : N := (zerosIn T; To N {p | p.re = 1 / 2}) .ncard

def NOsimple (T; T2 : R) : N := (zerosIn T1 To N {p | p.re =1/ 2} N {p | zeroMult p =
1}) .ncard

def Nsimple (T; T2 : R) : N := (zerosIn Ty T2 N {p | zeroMult p = 1}).ncard

-- Main theorems (Zeta23/Unconditional.lean, Zeta23/FinalMult.lean); the types carry no
hypotheses.

theorem two_thirds_on_critical_line :
Ve>0,dTyg: R, VT >Tg, (2/3-¢€) * (Ncount T (2 * T) : R) < NOstar T (2 * T)

theorem two_thirds_on_critical_line_cumulative :
Ve>0,3dTg: R, VT >Tg, (2/ 3 -¢€) * (Ncount 0O T : R) < NOstar O T

theorem thmBg_mult :
Ve>0,3To: R, VT >To, (2/3-¢) * (Ncount T (2 * T) : R) < NOsimple T (2 * T)

theorem thmBg_mult_cumulative :
Ve>0,3To:R, VT >Ty, (2/3-¢) * (Ncount 0 T : R) < NOsimple O T

theorem thmCp_mult :
Ve>0,d3Tp: R, VT >Tg, (6/6-¢c)* (Ncount T (2 * T) : R) < Ndist T (2 * T)

theorem thmCp_mult_cumulative :
Ve>0, dTp : R, VT >Tg, (6/ 6 -¢c) * (Ncount 0O T : R) < Ndist O T

end Zeta23

-- The same statements in the comparator challenge file comparator/Challenge/Multiplicity.lean
-- (names two_thirds_simple_on_critical_line, five_sixths_distinct), and, with

-- cMT := /2-tan(1/+/2) / (1 + (1/4/2)-tan(1/4/2)), the constant ci* of Theorem D:

theorem montgomery_taylor_simple_on_critical_line_mult :
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Ve>0,dTo : R, VT>Tg, (2-1/cMT - ¢) * (Ncount T (2 * T) : R) < NOsimple T (2
* T)

theorem montgomery_taylor_distinct_mult :
YVe>0,3To:R, VT>Tg, 3/ 2-cMI" '/ 2-¢) % (Ncount T (2 * T) : R) < Ndist T
(2 *T)

Von Neumann’s trace inequality for Hermitian matrices and both directions of Sylvester’s law
of inertia for Hermitian forms were not previously in Mathlib and are contributed by this
formalisation.
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